Day 7
Probabilistic method
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* Tools in probabllity
— Random graph
— Coupon collector problem 49— UNE[ERE
— Random walk and algorithms EL.Z&=&E7ILTN) X L



Probabillity I1s not linear

* The probability of A or B happens is not
always Pr(A) + Pr(B)

* The probability of A and B happne Is not
always Pr(A)Pr(B)

— When it happens??

— You will see that you should always aware of
above, even in real life....




Puzzle of 100 prisoners

e Story: The names of 100 prisoners are placed in 100
wooden boxes, one name to a box, and the boxes are
lined up on a table in a room. One by one, the prisoners
are led into the room, each may look in at most 50
boxes, but must leave the room then, and is permitted no
further communication with the others. The prisoners
have a chance to plot their strategy in advance, and they
are going to need it, because unless every single
prisoner finds his own name all will subsequently be
executed.

* Problem: Find a strategy for them which has probability
of success exceeding 30%
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Intuition

The success probability of each prisoner Is
exactly 0.5.

Thus, the probabillity that all prisoners find
their names is (0.5)1%°, which is less than
0.000,000,000,000,000,000,000,000,000,001.

How to increase it to 0.37?
Expectation number of names found is 50.

Concentrate the success!

— If we make “at least 75 prisoners fail” or “all
prisoners success’, we are done. (why??)



Random graph
SR LT 5T
 Random reqgular graph with degree d. A
“‘random” graph with constraint that each
node degree Is d.
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* The key of the puzzle is the probability that a
random graph with degree 2 has a “giant
component”.
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Use of random graph

« Expander : d-regular graph with high
expansion ratio TORXR/IN\NEZ T 57T
— h(G) =min { [F(S)I/[S] : [S] > [V|/2}
| (S)| = cut size = number of edges in cut
— Means that it is well connected
— “Ramanujan graph”
« Super concentrator: #8EHED 57

A graph with a set O of n input and | of n
output nodes, such that forany O° CO
and I' C| we have vertex disjoint paths
connecting O’ and .




Coupon collector problem
J—iR R R

* There are n types of coupons and at each
trial a coupon Is chosen at random. Each
trial Is iIndependent from others. Let X be
the random variable showing the number
of trials required to have all kinds of
coupons. n FBEDI—RUZERAST=0IC
AATRDI—RoERDHDEEAID,

— Find the expected value E(X) of X
— Find the variance E(X) of X




Analysis of coupon collector

* X(I): the time to find a new coupon after
having |1 different coupons.

— p= (n-i)/n : probability to find a new coupon
 E(X())= 1/p, = n/(n-I)
* V(x(1)) = (1-p)/pi? = nil(n-i)?
= n?4/(n-i)°= n/(n-i)
« Expectation and variance are linear!, so
add x(i) for 1=1,2,..,n

http://www-stat.stanford.edu/~susan/surprise/Collector.html
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Some beautiful formulas

1+1/2+1/3+...4/n<ninn+y
c(s)=1+1/2°+1/3°+1/4°+...=> 1/n°

~(2) =77 16 Rieman zeta function

Chebyshev’s inequality: For a random variable
X with standard deviation 0 and expectation p,
Prob( X —p | >t o) < 1/t2

Stronger tools: Chernoff’s ineuality, Azuma’s
iInequality, which | omit here




Proof of Chebyshev’s inequality

« ConsiderY = [X —p|?
. E(Y) = V(X) = 02
 Prob(E(Y)>a) > E(Y)a

— This is called Markov's inequality

« Set a = g2 t?2 and we have Chevshev’s
Inequality.
— Prob(E(|X-p|) > ot) = Prob(E(Y)> 07 t?)
>E(Y) 0%t? =02/0%t> =1/t°
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Collecting 52 cards

er constantyis 0.577

pectationisn (Inn + 0.577)

If n =52, E(X) ~250

Variance is (1tn)2/6 —nlInn~ 2500
0~50

Use Chebyshev’s inequality for t= 4

We need more than 450 steps with
probability less than 1/16



Ramdom walk on a graph

« We start at a node u of a graph and select a
neighbor node with uniform probablity.

— Expected time to visit a node v (reaching time)
— Expected time to visit all vertices (cover time)

* Solve this problem if G Is
— Cligue

— Star graph
— Path ﬁ



Commuting time

* Let G be a graph with m edges

* For each vertex u and v, let h(u,v) be the
reaching time from u to v in a random walk

* C(u,v) = h(u,v)+ h(v,u): commuting time

Theorem. C(u,v) = m R(u,v), where R(u,v)
IS the effective resistance If we consider G
as an electric circuit
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A “Magical” Proof

By definition, If X IS not v,

—h(x, v) = (1/d(v)) Z y e (h(y, V)+1)

— ['(x) : neighbors of x

Regard G as a network such that each
edge has unit resistance

Inject d(x) amperes from each x, and
remove 2m amperes from v

_ d(V)= 2 y €(x) ((P(X’ V) B (P(y,V) )
Then, o(x,v)=h(x,v)  (Why??)




Then, o(x,v)=h(x,v) (Why??)

If we remove d(x) amperes from x and
Inject 2m amperes from v,

-Y(X, u) = h(x,u)
Thus, ¢(u,v) + w(u,v) =h (u,v) + h(v,u)

The left side: Inject 2m amperes from v
and remove 2m amperes from u

— Amperes from other nodes are cancelled.
Thus, 2m R(u,v) = h(u,v) + h(v,u)




Coin flip Game
(why rich person wins)

Alice and Bob play a coin flipping game.

Each has n dollars, and if the coin Is head,
Alice get 1 dollar, if tail Bob get 1 dollar.

How may expected tosses will be done until
one of them bankrupt?

How about Alice has 100 dollars and Bob
has 50 dollars?



WalkSAT Algorithm

« 2-CNF(conjunctive normal form) formulas
* F: AND of (x ory) clauses (m clauses)
* X ,Yyareamong x(i) or x(i) fori=1,2,..n

« Judge whether there is Boolean
assignment of variables to make F “true”.

Algorithm: If there Is an clause that Is
currently “false”, flip one of variables.

Problem: Analyze Iits running time.



