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1 ��������� ��������� �! #"$�#%�&(' O(log n) )+*�,.-0/1�#243
n 57698;:=<?>;@BADCFE�G7HIE+JK6MLON�6QPSRUT76?VU:QW L(n) XZY\[^]�X_<_@BAa`

1.1 n b 2 cedgfUhickj!l
n m 2 6^n=oqpkrtseAeXSuevw@BAx`yCFE7GkHxE0JKrymUzw{}|=~��k� n 5k6w8;:QWq�F�=< n/2

5e6 2 �e6D�y�=<?�w��@QA�`B]96e]eXI�i~Iz^�e6q�F�����������U�^`
L(n) =

{

1 (n = 1),

L(n/2) + 1 (n ≥ 2).

]�6iX_o^z
L(n) = log2 n + 1

�������U�!]eXqWD:��t�^NU�F�7<t�}���k��@iAI`
[(i) n = 1 6M�F� ] n = 1 6BX9owz L(n) = L(1) = 1, log2 n + 1 = log2 1 + 1 = 1 �Q��z

L(n) = log2 n + 1 �?���^@iAI`
[(ii) n ≥ 2 6M��� ] n �!�� ¢¡D£M¤e¥76 n′ ( �y¦\§�z n′ m¢¨a6;n}oqp ) <9>g§D© L(n′) =

log2 n′ + 1 �?�ª�S�;�«X�utv«§az L(n) = log2 n + 1 W_�e�?@iAI`
NU�F��6qutv�<t�=��z L(n/2) = log2(n/2) + 1 = log2 n ���ª���w�;`!]��}Wq¬w­e6q�O���k<_®¯ @BA�X�z L(n) = L(n/2) + 1 = log2 n + 1 Xx°\��z^�e�=¡a�t�9`

1.2 n b!±7²ick³}´ickj!l
CFE�G7HxE�JµrFm;zw{=|7~��t� n 5k6M8w:QWD�O�=< dn/2e 576D�y�¢X bn/2c 5e6q�F�!<q�U�
@QA�`B]96e]eXUXZ¶U·�� L(dn/2e) ≥ L(bn/2c) �}��zw��6��O�y�t�?�ª�S�;�w`

L(n) =

{

1 (n = 1),

L(dn/2e) + 1 (n ≥ 2).

]�6iX_o^z
L(n) = dlog2 ne + 1

�q�ª���^�Q]yXqWI:y���MN;�O�e<t�7������@!AI`y°?¸�z n � 2 6?nkoxpk6!X_owm log2 n mD¹O:er
si�ºz;¬w­k6?¶F·O�e6_»y¼km log2 n + 1 XD°tA�]tXq<�½U¥¢§��w£^`
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[(i) n = 1 69�O� ] n = 1 6BXqo^z L(n) = L(1) = 1, dlog2 ne + 1 = dlog2 1e + 1 = 1 �!��z
L(n) = dlog2 ne + 1 ���e�M@BAa`

[(ii) n ≥ 2 69�O� ] n �=�¾ «¡x£9¤t¥k6 n′ <�>1§x© L(n′) = dlog2 n′e + 1 �9�ª���O�«XSu
v\§Iz

L(n) = dlog2 ne + 1

WD�k��@BAa`}°9¸yz k = dlog2 ne Xa¸B[�Xazw���9@Fn=o_·���m
L(n) = k + 1 (1)

Xx°\��z�¿U� k m 2k−1 < n ≤ 2k WxÀk�M@i]eXD<9½w¥F@QA�`
NU�F�e6qu�v�<e�7�ºz

L(n) = L(dn/2e) + 1 = dlog2(dn/2e)e + 2

�������U�^`Á§a�F��Â;©;z (1) W_�e�?@iA?�yÃO<Umwz
dlog2(dn/2e)e = k − 1 (2)

�������U�!]eXqWq���9@O�7Ä;Å;£9`
2k−1 < n ≤ 2k �}��z 2k−2 < n/2 ≤ 2k−1 ���ª���w�w` dn/2e m n/2 ÆF¬y6_¹F:k6tÇ9r=È?Â7X
ÈI «¡I£!È�6�WxÉF@e6Or;z 2k−2 < dn/2e ≤ 2k−1 �9�Ê���w�;`1§��U�tÂ^©;z

k − 2 = log2 2k−2 < log2(dn/2e) ≤ log2 2k−1 = k − 1

�MË��9�iAa`\]�6M¶U·��!�}��z dlog2(dn/2e)e = k − 1 �?�ª�S�;�w`Ì�MÂw© (2) �M�e�}¡Z�e��`

2 ��������� ���(Í0Î�Ï�Ð(Ñ(' O(n log n) Ò�Ó�,.-0/1�#243
n 57698;:=<?>;@BADCFE�G7HIE+JK6MÔUÕtÖ�×tW T (n) XZY\[^]�XD<�@QA�`

2.1 n b 2 cedgfUhickj!l
n m 2 6^n=oqpkrtseAeXSuevw@BAx`yCFE7GkHxE0JKrymUzw{}|=~��k� n 5k6w8;:QWq�F�=< n/2

5e6 2 �e6D�F�!<q�U�1§Iz^LONy�t<eHxE�Jx§a�MØ7< 2 �t6=H�E#JÚÙQW�COE�G�@QA�` 2 �e6D�F�!<
�w��@QA?Ûy<�ÜFÝk°^Öy×yW cn zwCFE�GF<_ÜyÝ�°;ÖF×�W c′n XZ¸\[OX�z^�e6q�F�����������U�^`

T (n) =

{

c′′ (n = 1),

2T (n/2) + (c + c′)n (n ≥ 2).

]U]?r;z c′′ m9Þ�6^v^:krystAI`Ì]?6QXqoMz C = max{c + c′, c′′} XZ¸\[OX�z
T (n) ≤ Cn(log2 n + 1) (3)

�������U�!]eXqWD:��t�^NU�F�7<t�}���k��@iAI`
[(i) n = 1 6_�^� ] ¬?­t6D�w�O�=�e�ºz T (n) = T (1) = c′′ �D�g�º�M�9`?¿9�^z Cn(log2 n+1) =

C · 1 · (log2 1 + 1) = C ≥ c′′ r�s�A?6Or;z T (n) ≤ Cn(log2 n + 1) �9�Ê���w�;`
2



[(ii) n ≥ 2 6M��� ] n �!�S �¡x£M¤e¥=6 n′ ( �y¦«§�z n′ m�¨a6;n=oqp ) <M>1§x© T (n′) ≤

Cn′(log2 n′ + 1) �?�ª�S�;�«X�utv«§az T (n) ≤ Cn(log2 n + 1) WD�k��@BAa`
���t�Q�!��z T (n) = 2T (n/2) + (c + c′)n ≤ 2T (n/2) + Cn �9�ß�S�U�;`yNU���k6?utvQ�!��z

T (n/2) ≤ C(n/2)(log2(n/2) + 1) = (C/2)n log2 n ���ª�S�;�w`Ì�MÂ;©;z
T (n) ≤ 2T (n/2) + Cn ≤ Cn log2 n + Cn = Cn(log2 n + 1)

Xx°\��z^¶O·O� (3) �?à�¡Z�e��`

2.2 n b!±7²ick³}´ickj!l
CFE�G7HxE�JµrFm;zw{=|7~��t� n 5k6M8w:QWD�O�=< dn/2e 576D�y�¢X bn/2c 5e6q�F�!<q�U�
§ázwLONy�t<kHIE+JI§��?Ø=< 2 ��6=H�E�JâÙ!WqCFE�G�@QAI` 2 �e6D�y�=<��;�F@iA�Ûy<�ÜFÝk°^Ö
×yW c(dn/2e + bn/2c) = cn zwCUEkGU<_ÜyÝ�°wÖ�×tW c′(dn/2e + bn/2c) = c′n Xá¸Ì[FXIzM�e6q�
�����������U�^`

T (n) =

{

c′′ (n = 1),

T (dn/2e) + T (bn/2c) + (c + c′)n (n ≥ 2).

]U]?r;z c′′ m9Þ�6^v^:krystAI`Ì]?6QXqoMz C = max{c + c′, c′′} XZ¸\[OX�z
T (n) ≤ Cn(dlog2 ne + 1) (4)

�������U�!]eXqWD:��t�^NU�F�7<t�}���k��@iAI`
[(i) n = 1 6��U� ] ¬;­e6��U���i�7��z T (n) = T (1) = c′′ �9�Ê�S�w�w`e¿;�Oz Cn(dlog2 ne +

1) = C1(dlog2 1e + 1) = C ≥ c′′ rtsyAM6;rOz T (n) ≤ Cn(dlog2 ne + 1) �������;�w`
[(ii) n ≥ 2 6?�U� ] n �7�¾ «¡I£9¤y¥k6 n′ <�>¢§�© T (n′) ≤ Cn′(dlog2 n′e + 1) �?�ª�S�U�
XSutv�§az T (n) ≤ Cn(dlog2 ne + 1) Wq�e�9@BAI`=°^¸�z k = dlog2 ne Xa¸Ì[�X�zM�k�?@yn7o�¶
·O�km

T (n) ≤ Cn(k + 1) (5)

Xx°\��z�¿U� k m 2k−1 < n ≤ 2k WxÀk�M@i]eXD<9½w¥F@QA�`
�F���i�7�ºz

T (n) = T (dn/2e) + T (bn/2c) + (c + c′)n ≤ T (dn/2e) + T (bn/2c) + Cn

�������U�^`=¿;�Oz n ≥ 2 �7� bn/2c ≤ dn/2e < n �������U�t6Or;z;Nw�y�t6?uyvQ�7�
T (dn/2e) ≤ Cdn/2e · (dlog2(dn/2e)e + 1),

T (bn/2c) ≤ Cbn/2c · (dlog2(bn/2c)e + 1),

�MË��9�iAa`\�9Â;©;z
T (n) ≤ T (dn/2e) + T (bn/2c) + Cn

≤ Cdn/2e · (dlog2(dn/2e)e + 1) + Cbn/2c · (dlog2(bn/2c)e + 1) + Cn
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X�°�Aá`9ã 1.2 äerO6?�t�}XDå}æ¾�t�F<t�k��z dlog2(dn/2e)e = k− 1 WqËB[9]tXI�;r�o�Aa`O¿w�;z
åxç}6?�k�F<e�7�ºz dlog2(dn/2e)e ≤ k − 1 WqË\[^]�X��OrtoyAI`Ì�MÂw©Uz

T (n) ≤ Cdn/2e · (dlog2(dn/2e)e + 1) + Cbn/2c · (dlog2(bn/2c)e + 1) + Cn

≤ Cdn/2e · k + Cbn/2c · k + Cn

= C(dn/2e · k + bn/2c · k + n)

= C(nk + n) = Cn(k + 1)

��èÁ~���z (5) �9�e�}¡á���?`
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