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 (Miller 1971),
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 (Favati–Tardella 1990),

◦ M 
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 ( � � 1996, 1998), 
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 � -0 12 354 6 % ?

◦ 78 � �� 
 �� 9:



�
�

�

�� �� � �� � � � � � �� ( � � 1) � �� �

)* S ⊆ R
n � � �� def

⇐⇒ ∀x, y ∈ S, 0 ≤ ∀α ≤ 1: αx + (1 − α)y ∈ S

PSfrag replacements

x xy y

αx + (1−α)y

αx + (1−α)y
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�� �� � �� � � � � � �� ( � � 2) � �� �

� / +, � f : Rn → R ∪ {+∞}� �

� — f : � � [0,5] � � � �  �2 +, , f(x) = x2 + 3

=⇒ f(x) =

{
x2 + 3 (x ∈ [0,5])
+∞ ( 	� 
 )

( �� ) �� 
 dom f = {x ∈ Rn | f(x) < +∞}

+, f � � � � def
⇐⇒ ∀x, y ∈ dom f , 0 ≤ ∀α ≤ 1:

f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y)PSfrag replacements

xx yy αx + (1−α)yαx + (1−α)y

f(x)f(x)

f(y)f(y)

f(αx + (1−α)y)
f(αx + (1−α)y)


 +, � 
 +,
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�� �� � �� � � � � � �� ( � � 3) � �� �

• 
 )* � 
 +, � +�

� � 1: )* S ⊆ Rn � 
 )*

⇐⇒ S� �� � � δS : Rn → {0,+∞}

δS(x) =

{
0 (x ∈ S)
+∞ ( 	� 
 )

� 
 +,

PSfrag replacements

)* S

+, � 0

+∞+∞

∴ 
 )* � 
 +, � � �� 	 


� � 2: +, f � 
 +,

⇐⇒ f� � � 
 ��

epif = {(x, α) | x ∈ Rn, α ∈ R, f(x) ≤ α}

� 
 )*

PSfrag replacements

� � � �� epif
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�� �� � � � � � � ( � � 1) � �� �

�� 1 [ � �� � = � 
� � � ]

f : 
 +, , x ∈ dom f , N(x): x� � �

f(x) ≤ f(y) (y ∈ N(x)) ⇐⇒ f(x) ≤ f(y) (y ∈ Rn)

PSfrag replacements
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◦ �� �  � � � 0 !#" $

◦ � �% � & � '( )+* ,- . /0 12
=⇒ 3 , 4 0 5 6

−→ 7 89 :; <= > ? @A B CD E ( FG H I B CD )
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 1) � � � �

• �� 
 � (S ⊆ Zn, f : Zn → R ∪ {+∞}0 �� � 
 � )

�� * & �0 � � � � �� ?

• Z � � � � - �� '( f : Z → R ∪ {+∞}* ��

f � � � 7

def
⇐⇒ f* '( ) !" � # $ � � '(

f : R → R ∪ {+∞} % 
 '(
( &' * 
 '( 0 ( )* + )

, , , - � � � �* % ./

Zn � � � �- � � 0( f : Zn → R ∪ {+∞}* �� � ?

1 � 7 2 3 : f(x) =
n∑

i=1

fi(xi) (x ∈ Zn), 4 fi : Z → R ∪ {+∞} � �� 


— 576 8 9 . � : ; � � .< � < , = . > ?@
— A � B � C DE F {x ∈ Zn | ai ≤ xi ≤ bi (∀i)}
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 2) � � � �

'

&

$

%

� � 7 2 3� �� C � A 8 	 1[ 7 ( )* + 8 ]

� �� 
 0 �� f : Zn → R ∪ {+∞}0 � < ,

�* 
 �� f : Rn → R ∪ {+∞} % f(x) = f(x) (x ∈ Zn)  ; � �

'

&

$

%

� � 7 �� � �� C � A 8 	 1[ 7 ( )* + 8 ]

� �� 
 A � � S ⊆ Zn0 � < ,

�* 
 � S % S ∩ Zn = S ; � �
(S � 	
 �D )

� �� 
 �� � � �* 1 ( 7 ( )* + ):

f : Zn → R ∪ {+∞} � � �� 
 0 � � def
⇐⇒ f � 
 0 � 0 �
 � �

S ⊆ Zn � � �� 
 A � � def
⇐⇒ S* 
 � � 
 A �
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 2) � � � �

0 � f : Zn → R ∪ {+∞}* 7 �� f : Rn → R ∪ {+∞}

f(x)
def
= sup{pTx + α | pTy + α ≤ f(y) (y ∈ dom f)} (y ∈ R

n).

� �� % �� 8 �� �

f(x) = min{
∑

y∈dom f

λyf(y) |
∑

y∈dom f

λy = 1, λy ≥ 0 (y ∈ dom f)} (y ∈ R
n).
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 2) � � � �

0 � f : Zn → R ∪ {+∞}* 7 �� f : Rn → R ∪ {+∞}

f(x)
def
= sup{pTx + α | pTy + α ≤ f(y) (y ∈ dom f)} (y ∈ R

n).

� �� % �� 8 �� �

f(x) = min{
∑

y∈dom f

λyf(y) |
∑

y∈dom f

λy = 1, λy ≥ 0 (y ∈ dom f)} (y ∈ R
n).
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 2) � � � �

0 � f : Zn → R ∪ {+∞}* 7 �� f : Rn → R ∪ {+∞}

f(x)
def
= sup{pTx + α | pTy + α ≤ f(y) (y ∈ dom f)} (y ∈ R

n).

� �� % �� 8 �� �

f(x) = min{
∑

y∈dom f

λyf(y) |
∑

y∈dom f

λy = 1, λy ≥ 0 (y ∈ dom f)} (y ∈ R
n).
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 2) � � � �

0 � f : Zn → R ∪ {+∞}* 7 �� f : Rn → R ∪ {+∞}

f(x)
def
= sup{pTx + α | pTy + α ≤ f(y) (y ∈ dom f)} (y ∈ R

n).

� �� % �� 8 �� �

f(x) = min{
∑

y∈dom f

λyf(y) |
∑

y∈dom f

λy = 1, λy ≥ 0 (y ∈ dom f)} (y ∈ R
n).
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�� � � � � 7 8� �� C�� A 8 	 ( 
� 3) � � � �

�� 1: ( &' * ) 
 0 � 0 � < � � � � 3� � �� � 3� �

�� 
 0 � � 	 
 �� 
 � � < � — � �� � �� � �� �� �� ?

NZ(x) ≡ {y ∈ Zn | ||y − x||∞ ≤ 1} (x ∈ Zn)

PSfrag replacements

x

NZ(x)

�

�

�

�

� �� �  ! "# $&% ' ( ) 2 [ * +, -/. 0 12 , - ]

f(x) ≤ f(y) (y ∈ NZ(x)) ⇐⇒ f(x) ≤ f(y) (y ∈ Zn)
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�� � � � �� ( ! " # $% ' ( ) ( �! 4) � � � �

�

�

�

�

� �� �  ! "# $&% ' ( ) 2 [ * +, -/. 0 12 , - ]

f(x) ≤ f(y) (y ∈ NZ(x)) ⇐⇒ f(x) ≤ f(y) (y ∈ Zn)

∴ � �� � �� 	
 � � �
 �� �� �� � �� !

� �� �

{
◦ �� 
 � x
 � � NZ(x)� �! �

◦ � �" # $ � �� % 
 �& ' �� ()

=⇒� � * � + ,

−→ � � � (- ./ 01 2 3 4 '5 $6 7PSfrag replacements

x NZ(x)
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�� � � Miller! � � � ( ( �! 1) � � � �

• � �� 
 � � 
 � � � (S ⊆ Zn)

x, y ∈ S, 0 ≤ α ≤ 1� �� , z = αx + (1 − α)y �

� � � � 	
 � � �
 � '
=⇒ z
 � �� S
 �� � �� OK �� �

HC(z) ≡ {x′ ∈ Zn | bzic ≤ x′i ≤ dzie (∀i)}

PSfrag replacements

z

z

HC(z)

HC(z)

� �� � � 	 � �� 
 2 (Miller1971):

S ⊆ Zn � � � � � �� 	

def
⇐⇒ ∀x, y ∈ S, 0 ≤ ∀α ≤ 1: HC(z) ∩ S 6= ∅

PSfrag replacements

z

z
HC(z)

HC(z)

S

x

y

z
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�� � � Miller! � � � ( ( �! 2) � � � �

� �� � � 	 � �� 
 2 (Miller1971):

S ⊆ Zn � � � � � �� 	

def
⇐⇒ ∀x, y ∈ S, 0 ≤ ∀α ≤ 1:

min{f(z′) | z′ ∈ HC(z)} ≤ αf(x)+(1−α)f(y) (z = αx+(1−α)y)

( ) 3: Miller
 � � � �� � � � �� ��� � �� � � 		 
� �

∵ Miller
 � � � �� 
 � � $ � � 
� �� �
PSfrag replacements

x

y

z

f(y) < f(x)

=⇒ x� � � � ' z = αx + (1 − α)y� � � ,

min{f(z′) | z′ ∈ HC(z)} < f(x)

=⇒ ∃z′ ∈ HC(z) ∩ NZ(x): f(z′) < f(x)
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� � � � � � � (� � � �� � ? ( �! 1) � �� �

� �� � � ��
Miller
 �� � ��

}

� �� � �� �� 	
 & �� ' � ? — NO!


 1 [� � �� � =⇒X 3 � �� ��� � �� � � � ]

f(x1, x2) =

{
max{x1 − 3x2,−2x1 + 3x2} (x1 ≥ 0, x2 ≥ 0)
+∞ (o.w.)

f : � � � � � , x = (0,0): � � ! , " #$ %&  ! " ' ()

0 0.5 1 1.5 2 0 0.5 1 1.5 2

-2

0

2

4

6

(0,0) 1 2 3

-1 0

024

13

6

0
x1

x2

∴ � *+ � , -. =⇒X Miller / 01 � 2 -.
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�� �� � �� �� �� 	
 � ? ( �
 2) � �� �

� 2. [Miller
 � �� =⇒X � � �� � ]

S = {x ∈ Z3 | x1 + x2 + x3 ≤ 2, xi ≥ 0 (i = 1,2,3)}

∪ {(1,2,0), (0,1,2), (2,0,1)}

S ' Miller / 01 � ��

�� � , �� S ' S ∩ Zn = S � �� ()

1
3{(1,2,0) + (0,1,2) + (2,0,1)} = (1,1,1) 6∈ S

x1

x2

x3



f : Zn → R ∪ {+∞}
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f : Zn → R ∪ {+∞}

'

&

$

%

Miller
 � �� � �'

&

$

%� � �� � � �

'

&

$

%

� �� � �

'

&

$

%

� Miller
 � �� � � �� �� � �� � � � �


� �� �� �� � � � � 
 	 
�

— �� � � (Favati–Tardella1990)
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�� �� �� � ( �
 1) � � � �

S ⊆ Zn • S ≡ S /� �

• S̃ ≡
⋃

x∈Zn

S ∩ [x, x + 1] — � � �� � �� " / �� � �� 	 # /

S 6= S̃ S = S̃

S ' �� 
� def
⇐⇒ S = S̃ ⇐⇒ S̃ ' � ��
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�� �� �� � ( �
 1) � � � �

S ⊆ Zn • S ≡ S / ��

• S̃ ≡
⋃

x∈Zn

S ∩ [x, x + 1] — � � �� � �� " / �� � �� 	 # /

S 6= S̃ S = S̃

S ' �� 
� def
⇐⇒ S = S̃ ⇐⇒ S̃ ' � ��
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�� �� �� � ( �
 1) � � � �

S ⊆ Zn • S ≡ S / ��

• S̃ ≡
⋃

x∈Zn

S ∩ [x, x + 1] — � � �� � �� " / �� � �� 	 # /

S 6= S̃ S = S̃

S ' �� 
� def
⇐⇒ S = S̃ ⇐⇒ S̃ ' � ��
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�� �� �� � ( �
 2) � � � �

f : Zn → R ∪ {+∞}

• f : Rn → R ∪ {+∞} · · · f / � ��

• f̃ : Rn → R ∪ {+∞}

· · · � � �� � � [x, x + 1] (x ∈ Zn)� " / f / � �� � �� 	 # /

f 6= f̃ f = f̃

f ' �� � �

def
⇐⇒ f = f̃ ⇐⇒ f̃ ' � -.
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�� �� �� � ( �
 2) � � � �

f : Zn → R ∪ {+∞}

• f : Rn → R ∪ {+∞} · · · f / � ��

• f̃ : Rn → R ∪ {+∞}

· · · � � �� � � [x, x + 1] (x ∈ Zn)� " / f / � �� � �� 	 # /

f 6= f̃ f = f̃

f ' �� � �

def
⇐⇒ f = f̃ ⇐⇒ f̃ ' � -.
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�� �� �� � ( �
 2) � � � �

f : Zn → R ∪ {+∞}

• f : Rn → R ∪ {+∞} · · · f / � ��

• f̃ : Rn → R ∪ {+∞}

· · · � � �� � � [x, x + 1] (x ∈ Zn)� " / f / � �� � �� 	 # /

f 6= f̃ f = f̃

f ' �� � �

def
⇐⇒ f = f̃ ⇐⇒ f̃ ' � -.
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�� �� �� � ( �
 3) � � � �

�� 
 � , �� � � 
 � � — S ⊆ Zn, f : Zn → R ∪ {+∞}

• � � =⇒ � * + � , (∵ � �� � �� )
• � � =⇒ Miller / 01 � (∵ � � 2 / � � � � )

=⇒ � � �  !
	 $ % &  ! �

� � -. ' 01 � -. � � 
� � � �) � ? — � � � !

• {0,1}n� " � �� � 	 �� / -. ' � � -.
( � � ) � -. # � � ) � - . # �� " � � � )

• � � -. / � ' � � -. � ' �� ()

( � -. / � ' ! � -. )

•� � "# # #



�
�

�

�� �� � �� � 
 �� ��� � � � ( � 
 5) � �� �

� �� 	 � f(x) ≤ f(y) (y ∈ NZ(x) ≡ {y ∈ Zn | ||y − x||∞ ≤ 1})

— 
 � NZ(x) " � � �� 
 / . 	 3n

=⇒ � �� � �� �� �� � � �� �  � !

'

&

$

%

� � ! "# $% &�' ( ) * 2′ [ + ,- .0/ 1 23 - . ( 4 56 78 9 )]

:; < = ÑZ(x) > ?@ A B ,

◦ f(x) ≤ f(y) (y ∈ ÑZ(x)) ⇐⇒ f(x) ≤ f(y) (y ∈ Zn)

◦ C DE F �� �� �� > GH I� �J K L



�
�

�

�� � � � � ) # $ % &' ( ) * ( �# 6) � � � �

� : �� � � � f(x) =
n∑

i=1

fi(xi)

f(x) ≤ f(x ± χi) (i = 1,2, · · · , n) ⇐⇒ f(x) ≤ f(y) (y ∈ Zn)

=⇒ ÑZ(x) ≡ {x ± χi | i = 1,2, · · · , n}

< =� 	 
 	 ��� 2n + 1

χi =




0
0
1
0
0




PSfrag replacements

x

ÑZ(x)
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� � ��  ! " # ) * ( �# 2) � � � �

g : Rn → R ∪ {−∞} � � ! " def
⇐⇒ −g � � � �

�� 2 [ � � �� ]

f : � � � , g: � � � , f(x) ≥ g(x) (x ∈ Rn)

=⇒ ∃p ∈ Rn, α ∈ R s.t.

f(x) ≥ pTx + α ≥ g(x) (x ∈ Rn)

x

PSfrag replacements

f(x)

g(x)

pTx + α

• �� � 	
 	 � �
 � � ��

• � �� 	 � f1 + f2 	E F � > 2� 	 � �� 	E F �� �� K L

min
x∈Rn

{f1(x) + f2(x)} = min
x∈Rn

{f1(x) + pTx} + min
x∈Rn

{f2(x) − pTx}



�
�

�

�� � � � � ) # $ % &' ( ) * ( �# 7) � � � �

'

&

$

%

� � ! " # $ % &�' ( ) * 3 [ � � � � �� ]

f : �� � � � �� , g : �� � � � �� , f(x) ≥ g(x) (x ∈ Zn)

=⇒ ∃p ∈ Rn, α ∈ R s.t. f(x) ≥ pTx + α ≥ g(x) (x ∈ Zn)

'

&

$

%

� � ! " # $ % &�' ( ) * 3′ [ � � � � �� ( � " 9 )]

f : � � � �� � � � �� , g : � � � �� � � � �� , f(x) ≥ g(x) (x ∈ Zn)

=⇒ ∃p ∈ Zn, α ∈ Z s.t. f(x) ≥ pTx + α ≥ g(x) (x ∈ Zn)

�� � �� f(x) =
n∑

i=1

fi(xi) � � � � 3′ � � �	 




�
�

�

� � � � � ) ( �# 4) � � � �

� 3. [ � � =⇒X� � �� 
 � ]

f(x1, x2) = max{0, x1 + x2 − 1} ((x1, x2) ∈ Z2)), � �

g(x1, x2) = min{x1, x2} ((x1, x2) ∈ Z2)), � �
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f(x) ≥ pTx + α ≥ g(x) � �	 
 � � �� pTx + α � ? @ A �� !
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�

� � � � �� ) ( �# 5) � � � �

� 4. [ � � =⇒X� � �� 
 � ]

f : {0,1}2 → Z, f(0, 1) = f(1,0) = 1, f(0, 0) = f(1, 1) = 0

g : {0,1}2 → Z, g(x) = f(x) (x ∈ {0,1}2)
=⇒ f : � � , g: � � , f(x) ≥ g(x) (∀x ∈ Z2)

A� A , f(x) ≤ g(x) (∀x ∈ [0,1]2)

(f : f 	 � �� � 	 �� , g: g 	 � �� � 	 �� )

f(x) ≥ pTx + α ≥ g(x) � �	 
 � � �� pTx + α � ? @ A �� !
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�
�

�

� � � � L\� �� � �� � � � �

S ⊆ Zn � L\� �� def
⇐⇒

{
S � � � ��

x ∧ y ∈ S, x ∨ y ∈ S (∀x, y ∈ S)

(x ∧ y)i = min{xi, yi} (i = 1,2, · · · , n)

(x ∨ y)i = max{xi, yi} (i = 1,2, · · · , n)

PSfrag replacements

x

y x ∨ y

x ∧ y



�
�

�

� � � � L\� �� � �� � � � �

• S ⊆ Rn � ( �� 	 ) � � � ⇐⇒
x + y

2
∈ S (∀x, y ∈ S) [ �� � � ]

• S ⊆ Zn � L\ � � �
⇐⇒

⌈
x + y

2

⌉
∈ S,

⌊
x + y

2

⌋
∈ S (∀x, y ∈ S) [ � � �� � � ]

PSfrag replacements

x

y

z = (x + y)/2

dze

bzc



�
�

�

� � � � L\� �� � �� �� �� � � � �

L\ � �� S ⊆ Zn � �� � 	
 �� 
 � �� � �

S � L\ � � � ⇐⇒ ∃ `ij, `i ∈ Z ∪ {−∞}, uij, ui ∈ Z ∪ {+∞}:

S =

{
x ∈ Z

n

∣∣∣∣∣
`ij ≤ xi − xj ≤ uij (∀i 6= j)
`i ≤ xi ≤ ui (∀i)

}

PSfrag replacements

x

y x ∨ y

x ∧ y



�
�

�

� � � � L\ � � � � �� � � � �

f : Zn → R ∪ {+∞} � L\ � � � def
⇐⇒ � �� � �	� 
� �

f(x) + f(y) ≥ f(x ∧ y) + f(x ∨ y) (∀x, y ∈ dom f)

• f : Zn → R ∪ {+∞} � L\ � 
�

⇐⇒ f(x)+ f(y) ≥ f

(⌈
x + y

2

⌉)
+ f

(⌊
x + y

2

⌋)
(∀x, y ∈ dom f) [ � � �� � � ]



�
�

�

� � � � L\ � � �� � � � � �

• �� � 
� f(x) =
n∑

i=1

ϕi(xi) � L\ � 
�
• 
� f(x) =

n∑

i=1

ϕi(xi) +
∑

i6=j

ϕij(xi − xj) (ϕi, ϕij � 1 � � � 
� ) � L\ � 
�



�
�

�

� � � � L\ � � �� � � � � � �

• L\ � 
� � � � 
� =⇒

{ �� ��� � � � 1 [ � 	
 � � ]

�� ��� � � � 2 [ � �
 ��� � �� 
 � ]

• �� ��� � � � 2′ [ � �
 ��� � �� 
 � ( �� 
 � � � )]

f(x) ≤ f(x ± d) (d ∈ {0,1}n) ⇐⇒ f(x) ≤ f(y) (y ∈ Zn)

(∵� � �� � �� �� � )

� �
 � �  ! � �	� 
� � "# 
� 
 � $ � �% �

−→ �� 
 � �&  ! & �'
PSfrag replacements

x

ÑZ(x)

• �� ��� � � � 3′ [� � �� ! ( ( � � � )]

f : � � ) L\ * 
� , g : � � ) L\ + 
� ,

f(x) ≥ g(x) (x ∈ Zn)

=⇒ ∃p ∈ Zn, α ∈ Z s.t.

f(x) ≥ pTx + α ≥ g(x) (x ∈ Zn)

PSfrag replacements

x
ÑZ(x)



�
�

�

�� � � M\ � �� � �� � � � �

S ⊆ Zn � M\ � �� def
⇐⇒ �� � ( 	 �� �

∀x, y ∈ S, ∀i ∈ supp+(x−y):

(i) x − χi + χj ∈ S, y + χi − χj ∈ S (∃j ∈ supp−(x−y)), 
� � �

(ii) x − χi ∈ S, y + χi ∈ S

supp+(x−y) = {i | xi > yi}
supp−(x−y) = {i | xi < yi}

χi =




0
0
1
0
0




PSfrag replacements

x

y

i

j

• M\ * " # ' 
 ��� �� � � , �	� 
� � �� �

• S ⊆ {0,1}n � ' M\ * " # '� �� � �



�
�

�

� � �� M\ � �� � �� �� �� � � � �

M\ * " # S ⊆ Zn � �� � 	
 �� 
 � �� � �

S � M\ * " # ⇐⇒ ∃ρ : 2N → Z ∪ {+∞}, µ : 2N → Z ∪ {−∞}:

S = {x ∈ Z
n | µ(X) ≤ x(X) ≤ ρ(X) (X ⊆ N)}

� �&

• ρ � �	� 
� � , µ � � � 
� �

• ρ(X) − ρ(X \ Y ) ≥ µ(Y ) − µ(Y \ X) (∀X, Y ⊆ N)

∴ M\ * "# ��� 	 $ 
 � � �� � �
(� � � � " # )� � 
 .

M\ * " # � � * " # .

PSfrag replacements

x
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j



�
�

�

�� � � M\ � � �� �� � � � �

f : Zn → R ∪ {+∞} � M\ � � � def
⇐⇒ � � � ( 	 �� �

∀x, y ∈ dom f , ∀i ∈ supp+(x−y):

(i) f(x) + f(y) ≥ f(x − χi + χj) + f(y + χi − χj)

(∃j ∈ supp−(x−y)), 
� � �

(ii) f(x) + f(y) ≥ f(x − χi) + f(y + χi)

• �� * 
� � M\ * 
�

• �� F � 
� * 
� ϕX (X ∈ F)� � � , f(x) =
∑

X∈F

ϕX(x(X)) � M\ * 
�

(X, Y ∈ F =⇒ X ∩ Y = ∅ or X ⊆ Y or X ⊇ Y )



�
�

�

�� � � M\ � � �� � � � � � �

• M\ * 
� � � * 
� =⇒

{ �� ��� � � � 1 [ * 	
 � � ]

�� ��� � � � 2 [ � �
 �� � �� 
 � ]

• �� ��� � � � 2′ [ � �
 ��� � �� 
 � ( �� 
 � � � )]{
f(x) ≤ f(x − χi + χj) (i, j ∈ {1, · · · , n})

f(x) ≤ f(x ± χi) (i ∈ {1, · · · , n})

}

⇐⇒ f(x) ≤ f(y) (y ∈ Zn)

(∵ � ( 
 � )

PSfrag replacements x

ÑZ(x)

• �� ��� � � � 3′ [� � �� ! ( ( � � � )]

f : � � ) M\ * 
� , g : � � ) M\ + 
� ,

f(x) ≥ g(x) (x ∈ Zn)

=⇒ ∃p ∈ Zn, α ∈ Z s.t.

f(x) ≥ pTx + α ≥ g(x) (x ∈ Zn)

PSfrag replacements

x
ÑZ(x)
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�
	� � � � L � � � � �� �

• L * 
� � L\ * 
� � 	 � � ��
• f : Zn → R ∪ {+∞} � L � � �
def
⇐⇒

{

�	� 
� � 
 — f(x) + f(y) ≥ f(x ∧ y) + f(x ∨ y) (∀x, y ∈ dom f)
1 � �� �� 
 — ∃r ∈ R, ∀x ∈ Zn: f(x + 1) = f(x) + r

• L * �� � � � � � f(x) =
∑

i 6=j

ϕij(xi − xj) (ϕi, ϕij � 1 � � * � � )



�
�

�

� � �� L � �� L\ � �� � �� � � � �

• L � �� f � 1 � �� �� 
� 	�


=⇒ f� n − 1 �
 � �� {(0, x′) | x′ ∈ Rn−1} � �� � � 	 �� � �� �� �

=⇒ L\ � � �

f : Zn → R ∪ {+∞} � L\ � � �
⇐⇒ �� L � �� f̃ : Z×Zn → R∪{+∞} �  ! � � , f(x) = f̃(0, x) (x ∈ Zn)

⇐⇒ " # �� 
� � 


f(x) + f(y) ≥ f(x ∧ (y + α1)) + f((x − α1) ∨ y)

(∀x, y ∈ dom f, 0 ≤ α ∈ Z)

• L\ � � � � �$ � %& � L � � � � ' � � ( � )* � + , . - 	 . / .



�



�
	� � � � M � �� � � � �

• M � �� � M\ � �� � � � � �	

S ⊆ Zn � M � �� def
⇐⇒ � � 
 & � �� $

∀x, y ∈ dom f , ∀i ∈ supp+(x−y):

x − χi + χj ∈ S, y + χi − χj ∈ S (∃j ∈ supp−(x−y))

• M � �� �
 �� � (� � � � �� ) ��� �

• S ⊆ {0,1}n� � � ��� �� � �� 
 � ��� �

• � � �� �� �  ! � � � "# � ��

$ %! G = (V, E) &' ( ) *+ � ! � � � , -� . `e ≤ ξe ≤ ue � /* 0 �� � � ,

S = {∂ξ ∈ Zn | `e ≤ ξe ≤ ue (e ∈ E), ξ ∈ ZE} � M � ��

((∂ξ)v ≡
∑
{ξe | e � v 1 0 2 � } −

∑
{ξe | e � v � 3 � })

• �� �4 5 6 —

∃ρ : 2N → Z ∪ {+∞}: S = {x ∈ Zn | x(X) ≤ ρ(X) (X ⊆ N), x(N) = ρ(N)}



�



�
	�� �� M � � � � �� �

• M � �� � M\ � �� � � � � �	

f : Zn → R ∪ {+∞} � M � � � def
⇐⇒ � � 
 & � �� $

∀x, y ∈ dom f , ∀i ∈ supp+(x−y):

f(x) + f(y) ≥ f(x − χi + χj) + f(y + χi − χj) (∃j ∈ supp−(x−y))

� dom f � � �� {x ∈ Zn | x(N) = r} (r: � � � � ) � 	
 � �

• � � 
 �� � � � � � �� {x ∈ Zn | x(N) = 0} , � �� �� �� � M � ��

• � � 
 $ %! G = (V, E) &' ( � �� ϕe (e ∈ E) � /* 0 �� � � ,

f(x) = min{
∑

e∈E

ϕe(ξe) | ∂ξ = x, ξ ∈ Z
E} (x ∈ Z

N)

� M � ��



�
�

�

�� �� M � � � M\ � � � � �� � � � �

• M � �� f� % �� � n − 1 �� � 	
 {x ∈ Zn | x(N) = r} � 	
 �


=⇒ f � (n − 1) �� � 	
 {(0, x′) | x′ ∈ Rn−1} � � � � � � �� � �� �� �

=⇒ M\ � ��

f : Zn → R ∪ {+∞} � M\ � ��
⇐⇒ �
 M � �� f̃ : Z × Zn → R ∪ {+∞} � �� � � ,

f̃(x0, x) =

{
f(x) (x0 + x(V ) = 0)
+∞ (x0 + x(V ) 6= 0)

• M\ � �� � �� 
 �� � M � �� � � � �  � !" � # $ . % � & ' .



�
�

�

�� �� L\

2 � � � �� �

�� � � �	 � (convolution) — f(x) = inf{f1(y1) + f2(y2) | y1 + y2 = x}

• ( 
� � ) � �� � � �	 �
 � ��

• L\ � �� � � �	 � 
 L\ � �� �
 �� � � =⇒ L\
2 � � �

• L\
2 � �� 
 � � �� =⇒

{ �� � � � � � 1 [ � �� # $ ]

�� � � � � � 2 [ � �� �! " #$ � � ]

• % �� � � � � � 2′ [ � �� �! " #$ � � ( &' ( ) * + )] ,- . /0 1

• % �� � � � � � 3 [ 23 4 2 �� ] , 
 5 . 0

6 L\ � �� � 7 
 L\ � ��



�
�

�

�� � � M\

2 � � � �� �

• ( 
� � ) � �� � 7 
 � ��

• M\ � �� � 7 
 M\ � �� �
 �� �� =⇒ M\
2 � � �

• M\
2 � �� 
 � � �� =⇒

{ �� � � � � � 1 [ � � � # $ ]

�� � � � � � 2 [ � � � �! " # $ � � ]

• % �� � � � � � 2′ [ � �� �! " #$ � � ( &' ( ) * + )] ,- . /0 1

• % �� � � � � � 3 [ 23 4 2 �� ] , 
 5 . 0

6 M\ � �� � � �	 � 
 M\ � ��
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