M-convex and L-convex Fuctions over the Real Space — Two Conjugate Classes of Combinatorial Convex Functions —^1

Kazuo MUROTA^2 and Akiyoshi SHIOURA^3

August 28, 2002

Abstract

By extracting combinatorial structures in well-solved nonlinear combinatorial optimization problems, Murota (1996,1998) introduced the concepts of M-convexity and L-convexity to functions defined over the integer lattice. Recently, Murota–Shioura (2000, 2001) extended these concepts to polyhedral convex functions and quadratic functions defined over the real space. In this paper, we consider a further extension to more general convex functions defined over the real space. The main aim of this paper is to provide rigorous proofs for the fundamental results of general M-convex and L-convex functions over the real space. In particular, we prove that the conjugacy relationship holds for general M-convex and L-convex functions over the real space.

Keywords: combinatorial optimization, matroid, base polyhedron, convex function, convex analysis.

1This work is supported by Grant-in-Aid of the Ministry of Education, Culture, Sports, Science and Technology of Japan._2

Graduate School of Information Science and Technology, University of Tokyo, Tokyo 113-8656, Japan,

murota@mist.i.u-tokyo.ac.jp.

3Graduate School of Information Sciences, Tohoku University, Sendai 980-8579, Japan,

shioura@dais.is.tohoku.ac.jp.

Contents

1 Introduction 2

2 Preliminaries 4 2.1 Notation and Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 M-convex Functions over the Real Space 10 3.1 Definitions of M-convex and M^♮-convex Functions . . . . . . . . . . . . . . . . . . . . . 10 3.2 M-convex Sets and Positively Homogeneous M-convex Functions . . . . . . . . . . . . 12 3.3 Fundamental Properties of M-convex Functions . . . . . . . . . . . . . . . . . . . . . . 14

4 L-convex Functions over the Real Space 19 4.1 Definitions of L-convex and L^♮-convex Functions . . . . . . . . . . . . . . . . . . . . . 19 4.2 L-convex Sets and Positively Homogeneous L-convex Functions . . . . . . . . . . . . . 20 4.3 Fundamental Properties of L-convex Functions . . . . . . . . . . . . . . . . . . . . . . 22

5 Conjugacy 24

1 Introduction

Combinatorial optimization problems with nonlinear objective functions have been dealt with more often than before due to theoretical interest and needs of practical applications. Extensive studies have been done for revealing the essence of the well-solvability in nonlinear combinatorial optimization problems [3, 5, 13, 16, 17, 29]. By extracting combinatorial structures in well-solved nonlinear combinatorial optimization problems, Murota [18, 19] introduced the concepts of M-convexity and Lconvexity to functions defined over the integer lattice; subsequently, their variants called M^♮-convexity and L^♮-convexity were introduced by Murota–Shioura [23] and by Fujishige–Murota [10], respectively. Applications of M-/L-convexity can be found in mathematical economics with indivisible commodities [4, 26, 27], system analysis by mixed polynomial matrices [20], etc. Recently, Murota–Shioura [24, 25] extended these concepts to polyhedral convex functions and quadratic functions defined over the real space. In this paper, we consider a further extension to more general convex functions defined over the real space. The main aim of this paper is to provide rigorous proofs for the fundamental results of general M-convex and L-convex functions over the real space.

The concepts of M-convexity and L-convexity are defined for polyhedral convex functions and quadratic functions as follows. A polyhedral convex function (or quadratic function) f : R^n → R ∪ {+∞} is said to be M-convex if dom f ≠ ∅ and f satisfies (M-EXC):

(M-EXC) ∀x, y ∈ dom f, ∀i ∈ supp^+(x − y), ∃j ∈ supp^−(x − y), ∃α_0 > 0:

f(x) + f(y) ≥ f(x − α(χ_i − χ_j )) + f(y + α(χ_i − χ_j )) (∀α ∈ [0, α_0]),

where supp^+(x − y) = {i | x(i) > y(i)} and supp^−(x − y) = {i | x(i) < y(i)}, and χ_i ∈ {0, 1}^n is the i-th unit vector for i = 1, 2, · · · , n. A polyhedral convex function (or quadratic function) f : R^n → R ∪ {+∞} is said to be M^♮-convex if the function ^f : R × R^n → R ∪ {+∞} defined by

^f(x_0, x) = � f(x) ((x_0, x) ∈ R × R^n, x_0 = −

�_n i=1 x(i)), +∞ (otherwise)

is M-convex. On the other hand, a polyhedral convex function (or quadratic function) g : R^n → R ∪ {+∞} is said to be L-convex if dom g ≠ ∅ and g satisfies (LF1) and (LF2):

(LF1) g(p) + g(q) ≥ g(p ∧ q) + g(p ∨ q) (∀p, q ∈ dom g), (LF2) ∃r ∈ R such that g(p + λ1) = g(p) + λr (∀p ∈ dom g, λ ∈ R),

and L^♮-convex if the function ^g : R × R^n → R ∪ {+∞} defined by

^g(p_0, p) = g(p − p_01) ((p_0, p) ∈ R × R^n)

is L-convex.

To fully cover the well-solved nonlinear combinatorial optimization problems, it is desirable to further extend these concepts to more general convex functions defined over the real space on the basis of (M-EXC), and (LF1) and (LF2), respectively. It can be easily imagined that the previous results of M-/L-convexity for polyhedral convex functions and quadratic functions naturally extend to more general M-/L-convex functions. However, the proofs cannot be extended so directly to general M-/L-convex functions, but some technical difficulties such as topological issues arise. By taking such technical difficulties into consideration, we define M-convex and L-convex functions over the real space as closed proper convex functions satisfying (M-EXC), and (LF1) and (LF2), respectively. The contribution of this paper is to provide rigorous proofs of the fundamental results of general M-convex and L-convex functions over the real space. In particular, we prove that the conjugacy relationship holds for general M-convex and L-convex functions over the real space, as in the cases of functions over the integer lattice [19], polyhedral convex functions [24], and quadratic functions [25].

Theorem 1.1. For f : R^n → R ∪ {+∞} with dom f ≠ ∅, define its conjugate function f^• : R^n → R ∪ {+∞} by

f^•(p) = sup{ n� i=1 p(i)x(i) − f(x) | x ∈ R^n} (p ∈ R^n).

(i) If f is M-convex, then f^• is L-convex and (f^•)^• = f. (ii) If g is L-convex, then g^• is M-convex and (g^•)^• = g.

(iii) The mappings f → f^• (f : M-convex) and g → g^• (g : L-convex) provide a one-to-one correspondence between the classes of M-convex and L-convex functions, and are the inverse of each other.

The organization of this paper is as follows. Section 2 provides a number of natural classes of M-/M^♮-convex and L-/L^♮-convex functions. To develop the theory of M-/L-convexity, we also consider the set version of M-/L-convexity in addition to M-/L-convex functions. In Sections 3.2 and 4.2. we give definitions of M-convex and L-convex sets, and show that these sets are in fact polyhedra. We also investigate positively homogeneous M-/L-convex functions, which are shown to be polyhedral convex functions. Fundamental properties of M-/L-convex functions are shown in Sections 3.3 and 4.3. We present equivalent axioms for M-/L-convex functions, and give some properties on local combinatorial structure of M-/L-convex functions such as directional derivatives, subdifferentials, minimizers, etc. Finally, the conjugacy relationship between M-/L-convexity is shown in Section 5.

2 Preliminaries

2.1 Notation and Definitions Throughout this paper, we assume that n is a positive integer, and put N = {1, 2, . . . , n}. The cardinality of a finite set X is denoted by |X|. The characteristic vector of a subset X ⊆ N is denoted by χ_X (∈ {0, 1}^n), i.e., χ_X (i) = 1 for i ∈ X and χ_X (i) = 0 for i ∈ N \ X. We denote 0 = χ_∅, 1 = χ_N .

The set of reals and the set of nonnegative reals are denoted by R and by R_+, respectively. For x = (x(i) | i = 1, 2, . . . , n) ∈ R^n, we define supp^+(x) = {i ∈ N | x(i) > 0}, supp^−(x) = {i ∈ N | x(i) < 0}, ‖x‖_1 = n� i=1 |x(i)|, ⟨p, x⟩ = n� i=1 p(i)x(i) (p ∈ R^n), x(X) = � i∈X x(i) (X ⊆ N).

For p, q ∈ R^n, we define p ∧ q, p ∨ q ∈ R^n by (p ∧ q)(i) = min{p(i), q(i)}, (p ∨ q)(i) = max{p(i), q(i)} (i ∈ N).

For α ∈ R ∪ {−∞} and β ∈ R ∪ {+∞} with α ≤ β, we define the intervals [α, β] = {γ ∈ R | α ≤ γ ≤ β}, (α, β) = {γ ∈ R | α < γ < β}, and [α, β) = {γ ∈ R | α ≤ γ < β}.

A set S ⊆ R^n is said to be convex if it satisfies (1 − α)x + αy ∈ S (∀x, y ∈ S, ∀α ∈ [0, 1]), and polyhedral if there exist some {p_i}^k_{i=1} (⊆ R^n) and {α_i}^k_{i=1} (⊆ R) (k ≥ 0) such that S = {x ∈ R^n | ⟨p_i, x⟩ ≤ α_i (i = 1, 2, . . . , k)}.

A polyhedral set is also called a polyhedron.

Let f : R^n → R ∪ {±∞} be a function. The effective domain and the epigraph of f, denoted by dom f and epif, respectively, are given by

dom f = {x ∈ R^n | −∞ < f(x) < +∞}, epif = {(x, α) ∈ R^n × R | α ≥ f(x)}. We denote by arg min f the set of minimizers of f, i.e., arg min f = {x ∈ R^n | f(x) ≤ f(y) (∀y ∈ R^n)}, which can be an empty set.

A function f : R^n → R ∪ {+∞} is said to be convex if epif is a convex set. If f > −∞, then f is convex if and only if f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y) (∀x, y ∈ R^n, ∀α ∈ [0, 1]). (2.1) In contrast to (2.1), we consider the following weaker condition: f((x + y)/2) ≤ {f(x) + f(y)}/2 (∀x, y ∈ R^n), (2.2) called mid-point convexity. For a continuous function, mid-point convexity (2.2) is equivalent to convexity (2.1).

Remark 2.1. Mid-point convexity does not imply convexity in general. Let φ : R → R be a function satisfying so-called Jensen’s equation:

φ(α) + φ(β) = 2φ((α + β)/2) (∀α, β ∈ R). (2.3) It is known that there are discontinuous and nonconvex functions satisfying Jensen’s equation (see, e.g., [1, pp. 43–48], [30, p. 217]). Such a function φ is mid-point convex, but not convex.

For any set S ⊆ R^n, its indicator function δ_S : R^n → {0, +∞} is defined by

δ_S (x) = � 0 (x ∈ S), +∞ (x ∉ S).

Note that S is a convex set if and only if δ_S is a convex function.

A convex function f : R^n → R ∪ {+∞} is said to be proper if dom f ≠ ∅, and closed if its epigraph epif is a closed set. For a closed proper convex function f : R^n → R ∪ {+∞}, any level set {x ∈ R^n | f(x) ≤ η} (η ∈ R) is a closed set, and arg min f ≠ ∅ if dom f is bounded. A convex function is said to be polyhedral if its epigraph is polyhedral. Any polyhedral convex function is closed convex.

A function f : R^n → R ∪ {±∞} is said to be positively homogeneous if f(αx) = αf(x) (∀x ∈ R^n, ∀α > 0).

For a positively homogeneous convex function f with dom f ≠ ∅, we have f(0) = 0 and f(αx + βy) ≤ αf(x) + βf(y) (∀x, y ∈ R^n, ∀α, β ∈ R_+).

For a function f : R^n → R ∪ {±∞}, x ∈ dom f, and y ∈ R^n, we define the directional derivative of f at x with respect to y by f^′(x; y) = lim_{α↓0}{f(x + αy) − f(x)}/α

if the limit exists. If f is a convex function, then f^′(x; y) is well-defined and a positively homogeneous convex function in y with f^′(x; 0) = 0. For a convex function f : R^n → R ∪ {+∞} and x ∈ dom f, the subdifferential of f at x, denoted by ∂f(x), is defined as ∂f(x) = {p ∈ R^n | f(y) ≥ f(x) + ⟨p, y − x⟩ (∀y ∈ R^n)}.

2.2 Examples M-/M^♮-convex and L-/L^♮-convex functions have rich examples.

Example 2.2 (affine functions). For p_0 ∈ R^n and β ∈ R, the function f : R^n → R ∪ {+∞} given by f(x) = ⟨p_0, x⟩ + β (x ∈ dom f) is M-convex or M^♮-convex according as dom f = {x ∈ R^n |

�_n i=1 x(i) = 0} or dom f = R^n.

For x_0 ∈ R^n and ν ∈ R, the function g : R^n → R ∪ {+∞} given by g(p) = ⟨p, x_0⟩ + ν (p ∈ R^n) is L-convex as well as L^♮-convex.

We denote by C^1 the class of univariate closed proper convex functions, i.e., C^1 = {φ : R → R ∪ {+∞} | φ : closed proper convex}.

Example 2.3. For φ, ψ ∈ C^1, the functions f, g : R^2 → R ∪ {+∞} given by

dom f = {(x_1, x_2) ∈ R^n | x_1 + x_2 = 0}, f(x_1, x_2) = φ(x_1) ((x_1, x_2) ∈ dom f), (2.4) g(p_1, p_2) = ψ(p_1 − p_2) ((p_1, p_2) ∈ R^2) (2.5) are M-convex and L-convex, respectively. Moreover, if φ and ψ are conjugate to each other, then f and g are conjugate to each other.

Example 2.4 (separable-convex functions). Let f_i ∈ C^1 (i = 1, 2, . . . , n) be a family of univariate convex functions. The function f : R^n → R ∪ {+∞} defined by f(x) = n� i=1 f_i(x(i)) (x ∈ R^n)

is M^♮-convex as well as L^♮-convex. The restriction of f over the hyperplane {x ∈ R^n |

�_n i=1 x(i) = 0} is M-convex if its effective domain is nonempty.

For functions g_{ij} ∈ C^1 indexed by i, j ∈ {1, 2, . . . , n}, the function g : R^n → R ∪ {+∞} defined by g(p) = n� i=1 n� j=1 g_{ij} (p(j) − p(i)) (p ∈ R^n)

is L-convex with r = 0 in (LF2) if dom g ≠ ∅.

Example 2.5 (quadratic functions). Let A = (a(i, j))^n_{i,j=1} ∈ R^{n×n} be a symmetric matrix. Define a quadratic function f : R^n → R by f(x) = (1/2)x^TAx (x ∈ R^n). Then, f is M^♮-convex if and only if x^Ta_i ≥ min{x^Ta_j | j ∈ supp^−(x)} (∀x ∈ R^n, ∀i ∈ supp^+(x)), where a_i denotes the i-th column of A for i = 1, 2, . . . , n. The function f is L^♮-convex if and only if a(i, j) ≤ 0 (∀i, j, i ≠ j), n� i=1 a(i, j) ≥ 0 (∀j = 1, 2, . . . , n).

See [25] for proofs.

Example 2.6 (minimum cost flow/tension problems). M-convex and L-convex functions arise from the minimum cost flow/tension problems with nonlinear cost functions.

Let G = (V, A) be a directed graph with a specified vertex subset T ⊆ V . Suppose that we are given a family of convex functions f_a ∈ C^1 (a ∈ A), each of which represents the cost of flow on the arc a. A vector ξ ∈ R^A is called a flow, and the boundary ∂ξ ∈ R^V of a flow ξ is given by

∂ξ(v) = � {ξ(a) | arc a leaves v} − � {ξ(a) | arc a enters v} (v ∈ V ).

Then, the minimum cost of a flow that realizes a supply/demand vector x ∈ R^T is represented by a function f : R^T → R ∪ {±∞} defined as

f(x) = inf_ξ { � a∈A f_a(ξ(a)) | (∂ξ)(v) = −x(v) (v ∈ T ), (∂ξ)(v) = 0 (v ∈ V \ T )} (x ∈ R^T ).

On the other hand, suppose that we are given another family of convex functions g_a ∈ C^1 (a ∈ A), each of which represents the cost of tension on the arc a. Any vector ~p ∈ R^V is called a potential, and the coboundary δ~p ∈ R^A of a potential ~p is defined by δ~p(a) = ~p(u) − ~p(v) for a = (u, v) ∈ A. Then, the minimum cost of a tension that realizes a potential vector p ∈ R^T is represented by a function g : R^T → R ∪ {±∞} defined as

g(p) = inf_{η,~p} { � a∈A g_a(η(a)) | η(a) = −δ~p(a) (a ∈ A), ~p(v) = p(v) (v ∈ T )} (p ∈ R^T ).

It can be shown that both f and g are closed proper convex if f(x_0) and g(p_0) are finite for some x_0 ∈ R^T and p_0 ∈ R^T , which is a direct extension of the results in Iri [13] and Rockafellar [29] for the case of |T | = 2. These functions, however, are equipped with different combinatorial structures; f is M-convex and g is L-convex, as follows.

Theorem 2.7. Suppose that f_a and g_a are conjugate to each other for all a ∈ A. Then, f and g are M-convex and L-convex, respectively, and conjugate to each other if one of the following conditions holds:

−∞ < f(x_0) < +∞ for some x_0 ∈ R^T , (2.6) −∞ < g(p_0) < +∞ for some p_0 ∈ R^T , (2.7) f(x_0) < +∞, g(p_0) < +∞ for some x_0 ∈ R^T , p_0 ∈ R^T . (2.8)

We first prove the closedness of f and g and the conjugacy relationship. For this, we use the following duality theorem for the minimum cost flow and tension problems:

Theorem 2.8 (cf. [29, Sec. 8H]). Let G = (V, A) be a directed graph with a specified vertex subset T ⊆ V . Also, let f_a, g_a ∈ C^1 (a ∈ A) and f_v , g_v ∈ C^1 (v ∈ T ) be conjugate pairs of closed convex functions. Then, we have inf ξ∈R^A, x∈R^T � � a∈A f_a(ξ(a)) + � v∈T f_v (x(v)) � � (∂ξ)(v) = −x(v) (v ∈ T ), (∂ξ)(v) = 0 (v ∈ V \ T ) �

= sup

η∈R^A, ~p∈R^V � − � a∈A g_a(η(a)) − � v∈T g_v(−~p(v)) � � η(a) = −δ~p(a) (a ∈ A) �

unless inf = +∞ and sup = −∞.

For p, x ∈ R^T , we denote ⟨p, x⟩_T = � v∈T p(v)x(v).

Lemma 2.9. Let x ∈ R^n and p ∈ R^n.

(i) f(x) = sup{⟨p, x⟩_T − g(p) | p ∈ R^T } if f(x) < +∞ or g(p_0) < +∞ for some p_0 ∈ R^T . (ii) g(p) = sup{⟨p, x⟩_T − f(x) | x ∈ R^T } if g(p) < +∞ or f(x_0) < +∞ for some x_0 ∈ R^T .

We see from Lemma 2.9 that three conditions (2.6), (2.7), and (2.8) are equivalent to each other. Hence, if one of these conditions holds, then Lemma 2.9 implies that f = g^•, g = f^•, and both f and g are closed convex functions with f, g > −∞.

[Proof of Lemma 2.9] To prove (i), consider functions f_v , g_v ∈ C^1 (v ∈ T ) given as

f_v (α) = � 0 (α = x(v)), +∞ (α ≠ x(v)), g_v(β) = x(v)β (β ∈ R)

for the given x ∈ R^T . The functions f_v and g_v are conjugate to each other for each v ∈ T . If f(x) < +∞ or g(p_0) < +∞ for some p_0 ∈ R^T , then Theorem 2.8 implies that

f(x) = inf_{ξ∈RA}{ � a∈A f_a(ξ(a)) | (∂ξ)(v) = −x(v) (v ∈ T ), (∂ξ)(v) = 0 (v ∈ V \ T )}

= sup

η∈R^A, ~p∈R^V � � v∈T ~p(v)x(v) − � a∈A g_a(η(a)) � � η(a) = −δ~p(a) (a ∈ A) �

= sup{⟨p, x⟩_T − g(p) | p ∈ R^T }.

To prove (ii), consider functions f_v , g_v ∈ C^1 (v ∈ T ) given as

f_v (α) = −p(v)α (α ∈ R), g_v (β) = � 0 (β = −p(v)), +∞ (β ≠ −p(v)).

If g(p) < +∞ or f(x_0) < +∞ for some x_0 ∈ R^T , then Theorem 2.8 implies that

g(p) = inf_{η∈RA} � � a∈A g_a(η(a)) � � � η(a) = −δ~p(a) (a ∈ A), ~p(v) = p(v) (v ∈ T ) �

= sup

ξ∈R^A, x∈R^T � ⟨p, x⟩_T − � a∈A f_a(ξ(a)) � � (∂ξ)(v) = −x(v) (v ∈ T ), (∂ξ)(v) = 0 (v ∈ V \ T ) �

= sup{⟨p, x⟩_T − f(x) | x ∈ R^T }.

We then prove the M-convexity of f and the L-convexity of g.

[(M-EXC) for f] Let x, y ∈ dom f and u ∈ supp^+(x − y). For any ε > 0 there exist ξ_x, ξ_y ∈ R^A with � a∈A f_a(ξ_x(a)) ≤ f(x) + ε, (∂ξ_x)(v) = −x(v) (v ∈ T ), (∂ξ_x)(v) = 0 (v ∈ V \ T ), � a∈A f_a(ξ_y(a)) ≤ f(y) + ε, (∂ξ_y)(v) = −y(v) (v ∈ T ), (∂ξ_y)(v) = 0 (v ∈ V \ T ).

By a standard augmenting path argument, there exist π : A → {0, ±1} and v ∈ supp^−(x − y) (⊆ T ) such that

supp^+(π) ⊆ supp^+(ξ_y − ξ_x), supp^−(π) ⊆ supp^−(ξ_y − ξ_x), ∂π = χ_u − χ_v , where we can assume the following inequality with m = |A|, n = |V |: min{|ξ_x(a) − ξ_y(a)| | a ∈ A, π(a) = ±1} ≥ {x(u) − y(u)}/m^n.

Putting α_0 = {x(u) − y(u)}/m^n, we have f_a(ξ_x(a) + απ(a)) + f_a(ξ_y (a) − απ(a)) ≤ f_a(ξ_x(a)) + f_a(ξ_y (a)) (α ∈ [0, α_0]) for all a ∈ A. Hence follows that f(x − α(χ_u − χ_v )) + f(y + α(χ_u − χ_v )) ≤ � a∈A {f_a(ξ_x(a) + απ(a)) + f_a(ξ_y(a) − απ(a))} ≤ � a∈A {f_a(ξ_x(a)) + f_a(ξ_y(a))} ≤ f(x) + f(y) + 2ε (α ∈ [0, α_0]).

Since ε > 0 can be chosen arbitrarily and T is a finite set, there exists some v = v_∗ satisfying f(x − α(χ_u − χ_v )) + f(y + α(χ_u − χ_v )) ≤ f(x) + f(y) (α ∈ [0, α_0]), implying (M-EXC) for f.

[L-convexity for g] Let p, q ∈ dom g. For any ε > 0 there exist ~p, ~q ∈ R^V with � a∈A g_a(−δ~p(a)) ≤ g(p) + ε, ~p(v) = p(v) (v ∈ T ), � a∈A g_a(−δ~q(a)) ≤ g(q) + ε, ~q(v) = q(v) (v ∈ T ).

It holds that (~p ∧ ~q)(v) = (p ∧ q)(v), (~p ∨ ~q)(v) = (p ∨ q)(v) for all v ∈ T , and g_a(−δ(~p ∧ ~q)(a)) + g_a(−δ(~p ∨ ~q)(a)) ≤ g_a(−δ~p(a)) + g_a(−δ~q(a)) (a ∈ A) by convexity of g_a. Hence follows that

g(p ∧ q) + g(p ∨ q) ≤ � a∈A g_a(−δ(~p ∧ ~q)(a)) + � a∈A g_a(−δ(~p ∨ ~q)(a)) ≤ g(p) + g(q) + 2ε.

Since ε > 0 can be chosen arbitrarily, we have g(p) + g(q) ≥ g(p ∧ q) + g(p ∨ q).

The property (LF2) for g is immediate from the equation δ(~p+λ1) = δ~p for ~p ∈ R^V and λ ∈ R.

3 M-convex Functions over the Real Space

3.1 Definitions of M-convex and M^♮-convex Functions We call a function f : R^n → R ∪ {+∞} M-convex if it is closed proper convex and satisfies (M-EXC):

(M-EXC) ∀x, y ∈ dom f, ∀i ∈ supp^+(x − y), ∃j ∈ supp^−(x − y), ∃α_0 > 0:

f(x) + f(y) ≥ f(x − α(χ_i − χ_j )) + f(y + α(χ_i − χ_j )) (∀α ∈ [0, α_0]). (3.1) As shown later in Proposition 3.2, the effective domain dom f of an M-convex function f is contained in a hyperplane {x ∈ R^n | x(N) = r} for some r ∈ R. Hence, no information is lost when an Mconvex function is projected onto an (n−1)-dimensional space. We call a function f : R^n → R∪{+∞} M^♮-convex if the function ^f : R^{^N} → R ∪ {+∞} defined by ^f(x_0, x) = � f(x) ((x_0, x) ∈ R^{^N} , x_0 = −x(N)), +∞ (otherwise)

(3.2)

is M-convex, where ^N = {0} ∪ N. M^♮-convexity of f is characterized by the following exchange property (cf. [23, 24, 25]):

(M^♮-EXC) ∀x, y ∈ dom f, ∀i ∈ supp^+(x − y), ∃j ∈ supp^−(x − y) ∪ {0}, ∃α_0 > 0:

f(x) + f(y) ≥ f(x − α(χ_i − χ_j )) + f(y + α(χ_i − χ_j )) (∀α ∈ [0, α_0]), where χ_0 = 0 by convention.

Theorem 3.1. A closed proper convex function f : R^n → R ∪ {+∞} is M^♮-convex if and only if it satisfies (M^♮-EXC).

Proof. The “only if” part is obvious from the definition. The “if” part is proven later in Section 5.

We denote by M_n (resp. M^♮_n) the class of M-convex (resp. M^♮-convex) functions in n variables: M_n = {f | f : R^n → R ∪ {+∞}, M-convex}, M^♮_n = {f | f : R^n → R ∪ {+∞}, M^♮-convex}.

As is obvious from the definitions, M^♮-convex function is essentially equivalent to M-convex function, whereas the class of M^♮-convex functions contains that of M-convex functions as a proper subclass. This relationship between M-convexity and M^♮-convexity can be summarized as M_n ⊂ M^♮_n ≃ M_{n+1}.

From the definition of M^♮-convex functions, every property of M-convex functions can be restated in terms of M^♮-convex functions, and vice versa. In this paper, we primarily work with M-convex functions, making explicit statements for M^♮-convex functions when appropriate.

We also define the set version of M-convexity and M^♮-convexity. We call a set B ⊆ R^n M-convex (resp. M^♮-convex) if its indicator function δ_B : R^n → {0, +∞} is an M-convex (resp. M^♮-convex) function. Equivalently, an M-convex set is defined as a nonempty closed set satisfying the exchange property (B-EXC):

(B-EXC) ∀x, y ∈ B, ∀i ∈ supp^+(x − y), ∃j ∈ supp^−(x − y), ∃α_0 > 0:

x − α(χ_i − χ_j ) ∈ B, y + α(χ_i − χ_j ) ∈ B (∀α ∈ [0, α_0]).

In fact, M-convex and M^♮-convex sets are polyhedral as shown later in Section 3.2. Hence, these concepts coincide with those of M-convex and M^♮-convex polyhedra introduced in [24]. In particular, M-convex and M^♮-convex sets are nothing but the base polyhedra of submodular systems [9] and generalized polymatroids [7, 8], respectively.

We now prove that the effective domain of an M-convex function is contained in a hyperplane of the form {x ∈ R^n | x(N) = r} for some r ∈ R.

Proposition 3.2.

(i) For an M-convex set B ⊆ R^n, we have x(N) = y(N) (∀x, y ∈ B).

(ii) For an M-convex function f : R^n → R ∪ {+∞}, we have x(N) = y(N) (∀x, y ∈ dom f). In particular, dom f satisfies (B-EXC), and is an M-convex set if it is a closed set.

Proof. Let f : R^n → R ∪ {+∞} be an M-convex function, and x, y ∈ dom f. Assume, to the contrary, that x(N) > y(N) holds for some x, y ∈ dom f. Put

S = {z ∈ R^n | x ∧ y ≤ z ≤ x ∨ y, f(z) ≤ max{f(x), f(y)}},

which is a bounded closed set. Let x_∗, y_∗ ∈ S minimize the value ||x_∗ − y_∗||_1 among all pairs of vectors in S with x_∗(N) = x(N) and y_∗(N) = y(N). The property (M-EXC) for x_∗ and y_∗ implies

f(x_∗) + f(y_∗) ≥ f(x_∗ − α(χ_i − χ_j )) + f(y_∗ + α(χ_i − χ_j ))

for some i ∈ supp^+(x_∗ − y_∗), j ∈ supp^−(x_∗ − y_∗), and a sufficiently small α > 0. Putting ^x = x_∗ − α(χ_i − χ_j ) and ^y = y_∗ + α(χ_i − χ_j ), we have ^x ∈ S or ^y ∈ S, a contradiction to the choice of x_∗ and y_∗ since ||^x − y_∗||_1 < ||x_∗ − y_∗||_1 and ||x_∗ − ^y||_1 < ||x_∗ − y_∗||_1. The property (B-EXC) for dom f is immediate from (M-EXC) for f, and (i) is a special case of (ii).

Remark 3.3. The property (B-EXC) alone, without closedness, is independent of good properties such as convexity and connectivity. An example is the set

{(x_1, x_2) ∈ R^2 | x_1 + x_2 = 0, x_1 < 0} ∪ {(x_1, x_2) ∈ R^2 | x_1 + x_2 = 1, x_1 > 1},

which satisfies (B-EXC); however, it is neither convex nor connected, and not contained in a hyperplane {x ∈ R^n | x(N) = r} for some r ∈ R (cf. Proposition 3.2 (i)). Even if convexity assumption is added, (B-EXC) is still independent of nice combinatorial properties. A typical example is {x ∈ R^n | �_n

i=1 x(i)^2 < γ, x(N) = 0} (γ > 0), which is an open ball in a hyperplane.

Remark 3.4. The property (M-EXC) alone is independent of good properties such as convexity and continuity. Consider a function φ : R → R satisfying Jensen’s equation (2.3) such that φ is neither continuous nor convex, and define a function f : R^2 → R ∪ {+∞} as in (2.4). Then, (M-EXC) for f follows immediately from Jensen’s equation for φ; however, f is neither convex nor continuous.

Remark 3.5. The effective domain of an M-convex function is not a closed set in general. An example is the function f : R^2 → R ∪ {+∞} given by

dom f = {(x_1, x_2) | x_1 + x_2 = 0, x_1 > 0}, f(x_1, x_2) = 1/x_1 ((x_1, x_2) ∈ dom f).

3.2 M-convex Sets and Positively Homogeneous M-convex Functions M-convex sets and positively homogeneous M-convex functions constitute important subclasses of Mconvex functions, which appear as local structure of general M-convex functions such as minimizers and directional derivative functions (see Theorem 3.16). We show that M-convex sets and positively homogeneous M-convex functions are polyhedral sets and polyhedral convex functions, respectively.

Theorem 3.6.

(i) Any M-convex set is a polyhedron.

(ii) Any positively homogeneous M-convex function is a polyhedral convex function.

In the following, we prove Theorem 3.6. For a nonempty set B ⊆ R^n, we define a set function ρ_B : 2^N → R ∪ {+∞} by ρ_B(X) = sup{x(X) | x ∈ B} (X ⊆ N).

Lemma 3.7. Let B ⊆ R^n be a nonempty bounded closed set with (B-EXC), and {X_k}^h_{k=1} be subsets of N with X_1 ⊂ X_2 ⊂ · · · ⊂ X_h. Then, there exists x_∗ ∈ B with x_∗(X_k) = ρ_B(X_k) (∀k = 1, 2, . . . , h).

Proof. The claim is shown by induction on the value h. Let x_h ∈ B be a vector with x_h(X_h) = ρ_B(X_h). By the induction hypothesis, there exists a vector x ∈ B satisfying x(X_k) = ρ_B(X_k) (k = 1, 2, · · · , h − 1), and assume that x minimizes the value ‖x − x_h‖_1 of all such vectors. Suppose that x(X_h) < ρ_B(X_h). By (B-EXC), there exist i ∈ supp^+(x − x_h) \ X_h and j ∈ supp^−(x − x_h) such that x^′ = x − α(χ_i − χ_j ) ∈ B for a sufficiently small α > 0. Here j ∈ N \ X_{h−1} holds since i ∈ N \ X_{h−1} and x^′(X_{h−1}) ≤ ρ_B(X_{h−1}) = x(X_{h−1}). Therefore, x^′ satisfies x^′(X_k) = ρ_B(X_k) (∀k = 1, 2, · · · , h − 1) and ‖x^′ − x_h‖_1 = ‖x − x_h‖_1 − 2α, a contradiction. Therefore, x(X_h) = ρ_B(X_h).

Let ρ : 2^N → R ∪ {+∞} be a set function. We call ρ submodular if it satisfies

ρ(X) + ρ(Y ) ≥ ρ(X ∩ Y ) + ρ(X ∪ Y ) (∀X, Y ∈ dom ρ), (3.3)

where dom ρ = {X ⊆ N | ρ(N) < +∞}. We define a polyhedron B(ρ) ⊆ R^n by

B(ρ) = {x ∈ R^n | x(X) ≤ ρ(X) (X ⊆ N), x(N) = ρ(N)}. (3.4)

For any convex set S ⊆ R^n, a point x ∈ S is called an extreme point of S if there are no y_1, y_2 ∈ S \ {x} and α ∈ (0, 1) such that x = αy_1 + (1 − α)y_2.

Theorem 3.8 ([9, Theorem 3.22]). Let ρ : 2^N → R ∪ {+∞} be a submodular function with ρ(∅) = 0 and ρ(N) < +∞. Then, x ∈ R^n is an extreme point of B(ρ) if and only if there exists {X_k}^n_{k=0} ⊆ dom ρ such that ∅ = X_0 ⊂ X_1 ⊂ · · · ⊂ X_n = N and x(X_k) = ρ(X_k) for all k = 0, 1, . . . , n.

Proof of Theorem 3.6 (i). Let B ⊆ R^n be a nonempty closed set with (B-EXC). It suffices to show B = B(ρ_B) since B(ρ_B) is a polyhedron. The inclusion B ⊆ B(ρ_B) is easy to see; therefore we prove the reverse inclusion.

We first assume that B is bounded. Let X, Y ∈ dom ρ_B (= 2^N ). From Lemma 3.7, there exists x_∗ ∈ B with x_∗(X ∩ Y ) = ρ_B(X ∩ Y ) and x_∗(X ∪ Y ) = ρ_B(X ∪ Y ), which implies the inequality

ρ_B(X) + ρ_B(Y ) ≥ x_∗(X) + x_∗(Y ) = x_∗(X ∩ Y ) + x_∗(X ∪ Y ) = ρ_B(X ∩ Y ) + ρ_B(X ∪ Y ).

Therefore, ρ_B is a submodular function. By Lemma 3.7 and Theorem 3.8, any extreme point of B(ρ_B) is contained in B. Hence we have B(ρ_B) ⊆ B.

Next, assume that B is unbounded. For a fixed x_0 ∈ B, define B_k = {x ∈ B | x(i) − x_0(i) ≤ k (i ∈ N)} and put ρ_k = ρ_{Bk} for k = 0, 1, 2, . . .. Since each B_k is a bounded M-convex set, we have B_k = B(ρ_k). To prove B(ρ_B) ⊆ B, let y be any vector in B(ρ_B). Then, there exists a sequence of vectors {x_k}^∞_{k=0,} such that x_k ∈ B(ρ_k) ⊆ B (k = 0, 1, 2, · · ·) and lim_{k→∞} x_k = y. Since B is a close set, we have y ∈ B, i.e., B(ρ_B) ⊆ B.

We then prove Theorem 3.6 (ii). For a convex function f : R^n → R ∪ {+∞}, x ∈ dom f, and i, j ∈ N, we define

f^′(x; j, i) = f^′(x; χ_j − χ_i).

For a function γ : N × N → R ∪ {±∞}, we define f_γ : R^n → R ∪ {±∞} by

f_γ (x) = inf{ � (i,j)∈A

λ_{ij} γ(i, j) | � (i,j)∈A

λ_{ij}(χ_j − χ_i) = x, λ_{ij} ≥ 0 ((i, j) ∈ A)} (x ∈ R^n), (3.5)

where A = {(i, j) | i, j ∈ N, γ(i, j) < +∞}.

Proof of Theorem 3.6 (ii). Let f : R^n → R ∪ {+∞} be a positively homogeneous M-convex function, and define γ : N × N → R ∪ {+∞} by γ(i, j) = f(χ_j − χ_i) (i, j ∈ N). Then, it suffices to show that f(x) = f_γ (x) holds for any x ∈ R^n.

We first claim that there exists {λ_{ij}}_{i,j∈N} (⊆ R_+) satisfying � i,j∈N λij(χj − χi) = x and f(x) ≥ � i,j∈N λij f

′(x; j, i), which implies f(x) ≥ f_γ (x). We prove this claim by induction on the cardinality of the set {i ∈ N | x(i) ≠ 0}, where we may assume x ≠ 0. By (M-EXC) for f, there exist some h ∈ supp^+(x) and k ∈ supp^−(x) such that

f(x) = f(x) + f(0) ≥ f(x − α(χ_h − χ_k )) + f(α(χ_h − χ_k)) = f(x − α(χ_h − χ_k )) + αγ(k, h)

for any α ∈ [0, min{x(h), −x(k)}], where we use the fact that f is positively homogeneous. Put x^′ = x − α_0(χ_h − χ_k ) with α_0 = min{x(h), −x(k)}. By the induction hypothesis, there exists {λ^′_{ij}}_{i,j∈N} (⊆ R_+) satisfying � i,j∈N λ ′ ij (χ_j − χ_i) = x^′ and f(x^′) ≥ � i,j∈N λ ′ ij f^′(x; j, i). Putting λ_{hk} = λ^′_{hk} + α_0 and λ_{ij} = λ^′_{ij} for (i, j) ≠ (h, k), we have the claim.

On the other hand, we have f(x) ≤ � i,j∈N λij f(χj − χi) for any {λij}i,j∈N (⊆ R+) with � i,j∈N λij (χj − χi) = x since f is positively homogeneous convex. Hence f(x) ≤ fγ (x) follows.

3.3 Fundamental Properties of M-convex Functions We firstly show that an M^♮-convex function has supermodularity over R^n.

Proposition 3.9 ([28, Cor. 7.5.1]). For any closed proper convex function f : R^n → R ∪ {+∞} x ∈ R^n, and y ∈ dom f, we have f(x) = lim_{λ↑1} f(λx + (1 − λ)y).

Lemma 3.10. Let f : R^n → R∪{+∞} be an M-convex function, and x, y ∈ dom f satisfy supp^−(x− y) = {k} for some k ∈ N. Then, for any i ∈ supp^+(x − y) we have x − {x(i) − y(i)}(χ_i − χ_k ) ∈ dom f, y + {x(i) − y(i)}(χ_i − χ_k ) ∈ dom f, and f(x) + f(y) ≥ f(x − {x(i) − y(i)}(χ_i − χ_k)) + f(y + {x(i) − y(i)}(χ_i − χ_k )). (3.6) Proof. Put α = x(i) − y(i), and define functions φ_x, φ_y : [0, α] → R ∪ {+∞} by φ_x(α) = f(x − α(χ_i − χ_k )), φ_y(α) = f(y + {α − α}(χ_i − χ_k )) (α ∈ [0, α]).

Claim 1. Let α ∈ [0, α].

(i) If φ_x(α) < +∞, then φ_x((α + α)/2) < +∞. (ii) If φ_y (α) < +∞, then φ_y (α/2) < +∞. [Proof of Claim 1] We prove (i) only. It may be assumed that α < α. Put ^x = x − α(χ_i − χ_k ) and α_∗ = sup{β | f(^x − β(χ_i − χ_k )) + f(y + β(χ_i − χ_k )) ≤ f(^x) + f(y), β ≤ {^x(i) − y(i)}/2}.

It follows from Proposition 3.9 that f(^x − α_∗(χ_i − χ_k)) + f(y + α_∗(χ_i − χ_k )) ≤ f(^x) + f(y). Put ~x = ^x − α_∗(χ_i − χ_k ), ~y = y + α_∗(χ_i − χ_k ). Assume, to the contrary, that α_∗ < {^x(i) − y(i)}/2. Then, we have i ∈ supp^+(~x − ~y). By Proposition 3.2 for ^x, y ∈ dom f, we also have y(k) − ^x(k) ≥ ^x(i) − y(i), from which supp^−(~x − ~y) = {k} follows. Hence, (M-EXC) for ~x and ~y implies that there exists a sufficiently small β > 0 satisfying f(^x) + f(y) ≥ f(~x) + f(~y) ≥ f(~x − β(χ_i − χ_k )) + f(~y + β(χ_i − χ_k )), a contradiction to the choice of α_∗. Hence, α_∗ = {^x(i) − y(i)}/2, and we have φ_x((α + α)/2) = f(^x − α_∗(χ_i − χ_k )) < +∞. [End of Claim 1] We also define a function φ : [0, α] → R ∪ {±∞} by φ(α) = φ_x(α) − φ_y (α) (α ∈ [0, α]). Since φ_x and φ_y are closed convex functions with φ_x(0) < +∞, φ_y(α) < +∞, we have φ_x(α) < +∞ (∀α ∈ [0, α)) and φ_y(α) < +∞ (∀α ∈ (0, α]) by Claim 1. Hence, Proposition 3.9 for φ_x and φ_y implies that φ is continuous on (0, α), and φ(0) = lim_{α↓0} φ(α), φ(α) = lim_{α↑α} φ(α). To prove (3.6), it suffices to show that φ(α) is nonincreasing on [0, α], which follows from Claim 2 below: Claim 2. φ^′(α; 1) ≤ 0 and φ^′(α; −1) ≥ 0 for all α ∈ (0, α).

We now prove Claim 2. It is noted that the values φ^′(α; ±1) = φ^′_x(α; ±1) − φ^′_y (α; ±1) are well-defined for all α ∈ (0, α). We here prove φ^′(α; 1) ≤ 0 only since φ^′(α; −1) ≥ 0 can be proven similarly. Put x^′ = x − α(χ_i − χ_k ) and y^′_δ = y + {α − α − δ}(χ_i − χ_k) for δ > 0. Then, we have i ∈ supp^+(x^′ − y^′_δ ) and supp^−(x^′ − y^′_δ) = {k}. By (M-EXC), there exists some β_0 > 0 such that f(x^′) + f(y^′_δ) ≥ f(x^′ − β(χ_i − χ_k )) + f(y^′_δ + β(χ_i − χ_k )) (∀β ∈ [0, β_0]), implying φ^′_x(α; 1) ≤ −φ^′_y (α + δ; −1). Hence follows φ^′_x(α; 1) ≤ − lim_{δ↓0} φ^′_y (α + δ; −1) = φ^′_y(α; 1).

Theorem 3.11. An M^♮-convex function f : R^n → R ∪ {+∞} satisfies the supermodular inequality: f(x) + f(y) ≤ f(x ∧ y) + f(x ∨ y) (x, y ∈ R^n). (3.7) Proof. We show (3.7) by induction on the cardinality of the sets supp^+(x − y) and supp^−(x − y). If |supp^+(x − y)| ≤ 1 or |supp^−(x − y)| ≤ 1, then (3.7) follows from Lemma 3.10 and the definition of M^♮-convex functions. Hence, we consider the case when |supp^+(x − y)| > 1 and |supp^−(x − y)| > 1. We may assume x ∧ y, x ∨ y ∈ dom f, since otherwise (3.7) holds immediately. Let j ∈ supp^−(x − y). Then, we have (x∧y)+{y(j)−x(j)}χ_j ∈ dom f by Lemma 3.10, and the induction assumption implies f(x) − f(x ∧ y) ≤ f(x + {y(j) − x(j)}χ_j) − f((x ∧ y) + {y(j) − x(j)}χ_j) ≤ f(x ∨ y) − f(y).

We then present two equivalent definitions of M-convex functions. The property (M-EXC) is equivalent to the following stronger property:

(M-EXC_s) ∀x, y ∈ dom f, ∀i ∈ supp^+(x − y), ∃j ∈ supp^−(x − y):

f(x) + f(y) ≥ f(x − α(χ_i − χ_j )) + f(y + α(χ_i − χ_j )) (0 ≤ ∀α ≤ {x(i) − y(i)}/2t), where t = |supp^−(x − y)|.

Theorem 3.12. For a closed proper convex function f : R^n → R ∪ {+∞}, (M-EXC) ⇐⇒ (M- EXC_s).

Proof. We assume (M-EXC) and show (M-EXC_s) for f. Let x_0, y_0 ∈ dom f, and i ∈ supp^+(x_0 − y_0). Put supp^−(x_0 − y_0) = {j_1, j_2, · · · , j_t}. For h = 1, 2, · · · , t, we iteratively define a function φ_h : R → R ∪ {+∞}, a real number α_h ∈ R, and vectors x_h, y_h ∈ R^n by

φ_h(α) = f(x_{h−1} − α(χ_i − χ_{jh} )) + f(y_{h−1} + α(χ_i − χ_{jh} )) (α ∈ R), α_h = sup{α | φ_h(α) ≤ φ_h(0), α ≤ min[x_{h−1}(i) − y_{h−1}(i), y_{h−1}(j_h) − x_{h−1}(j_h)]/2}, x_h = x_{h−1} − α_h(χ_i − χ_{jh} ), y_h = y_{h−1} + α_h(χ_i − χ_{jh} ).

Since each φ_h is closed proper convex, Proposition 3.9 implies x_h, y_h ∈ dom f, f(x_h) + f(y_h) ≤ f(x_{h−1}) + f(y_{h−1}) (h = 1, 2, . . . , t). (3.8) Assume, to the contrary, that

�_t h=1 α_h < {x_0(i) − y_0(i)}/2. Since i ∈ supp^+(x_t − y_t), there exist some j_h ∈ supp^−(x_t − y_t) ⊆ supp^−(x_0 − y_0) and a sufficiently small α > 0 such that f(x_t) + f(y_t) ≥ f(x_t − α(χ_i − χ_{jh} )) + f(y_t + α(χ_i − χ_{jh} )). (3.9) Putting ~x_h = x_h − α(χ_i − χ_{jh} ) and ~x_t = x_t − α(χ_i − χ_{jh} ), we have x_h(k) = min{~x_h(k), x_t(k)}, ~x_t(k) = max{~x_h(k), x_t(k)} (∀k ∈ N \ {i}).

Therefore, Theorem 3.11 implies f(x_h − α(χ_i − χ_{jh} )) + f(x_t) ≤ f(x_h) + f(x_t − α(χ_i − χ_{jh} )). (3.10) Similarly, we have f(y_h + α(χ_i − χ_{jh} )) + f(y_t) ≤ f(y_h) + f(y_t + α(χ_i − χ_{jh} )). (3.11) From (3.9), (3.10), and (3.11) follows f(x_h − α(χ_i − χ_{jh} )) + f(y_h + α(χ_i − χ_{jh} )) ≤ f(x_h) + f(y_h), a contradiction to the definition of x_h and y_h. Let s be the index with α_s = max{α_h | 1 ≤ h ≤ t}. For α ∈ [0, α_s], we have

{f(x − α(χ_i − χ_{js} )) − f(x)} + {f(y + α(χ_i − χ_{js} )) − f(y)} ≤ {f(x_{s−1} − α(χ_i − χ_{js} )) − f(x_{s−1})} + {f(y_{s−1} + α(χ_i − χ_{js} )) − f(y_{s−1})} ≤ 0, where the first inequality is by Theorem 3.11 and the second by (3.8) and convexity of f. This shows (M-EXC_s) for f since α_s ≥ {x(i) − y(i)}/2t.

We can rewrite the exchange property (M-EXC) in terms of directional derivative.

(M-EXC^′) ∀x, y ∈ dom f, ∀i ∈ supp^+(x − y), ∃j ∈ supp^−(x − y): f^′(x; j, i) < +∞, f^′(y; i, j) < +∞, and f^′(x; j, i) + f^′(y; i, j) ≤ 0.

Note that (M-EXC^′) for f yields (B-EXC) for dom f since f^′(x; j, i) < +∞ implies x + α(χ_j − χ_i) ∈ dom f (∀α ∈ [0, α_0]) for some α_0 > 0.

Theorem 3.13. For a closed proper convex function f : R^n → R ∪ {+∞}, (M-EXC) ⇐⇒ (M- EXC^′).

Proof. It suffices to show (M-EXC^′) =⇒ (M-EXC). Assume (M-EXC^′) for f. Let x, y ∈ dom f and i ∈ supp^+(x − y). We prove that there exist some j ∈ supp^−(x − y) and α_0 > 0 satisfying f^′(x − α(χ_i − χ_j ); j, i) + f^′(y + α(χ_i − χ_j ); i, j) ≤ 0 (∀α ∈ [0, α_0]), (3.12) which, together with convexity of f, yields the desired inequality (3.1).

Put x_∗ = x − |J|βχ_i + βχ_J and y_∗ = y + |J|βχ_i − βχ_J with a sufficiently small β > 0 and J = {j ∈ supp^−(x − y) | f^′(x; j, i) < +∞, f^′(y; i, j) < +∞}.

By the convexity of dom f, we have x_∗, y_∗ ∈ dom f. By (M-EXC^′) applied to x_∗, y_∗ and i ∈ supp^+(x_∗− y_∗), there exists j_0 ∈ supp^−(x_∗ − y_∗) with f^′(x_∗; j_0, i) + f^′(y_∗; i, j_0) ≤ 0. Since f^′(x_∗; j_0, i) < +∞, we have x^′ = x_∗ + α(χ_{j0} − χ_i) ∈ dom f for some α > 0. Since j_0 ∈ supp^+(x^′ − x) and supp^−(x^′ − x) = {i}, the property (B-EXC) for dom f implies x + α^′(χ_{j0} − χ_i) ∈ dom f for a sufficiently small α^′ > 0, from which f^′(x; j_0, i) < +∞ follows. Similarly, we have f^′(y; i, j_0) < +∞. Hence, j_0 ∈ J.

The inequality f^′(x_∗; j_0, i) + f^′(y_∗; i, j_0) ≤ 0, together with the convexity of f, implies f^′(x_∗; i, j_0) + f^′(y_∗; j_0, i) ≥ 0. (3.13) For α ∈ [0, β/2], we put x_α = x−α(χ_i −χ_{j0} ) ∈ dom f and y_α = y +α(χ_i −χ_{j0} ) ∈ dom f. The property (M-EXC^′) implies f^′(x_∗; i, j_0) + f^′(x_α; j_0, i) ≤ 0 (3.14) since j_0 ∈ supp^+(x_∗ − x_α) and supp^−(x_∗ − x_α) = {i}. Similarly, we have f^′(y_α; i, j_0) + f^′(y_∗; j_0, i) ≤ 0. (3.15) Combining (3.13), (3.14), and (3.15), we have (3.12) with j = j_0 and α_0 = β/2.

Global optimality of an M-convex function is characterized by local optimality in terms of finite number of directional derivatives.

Theorem 3.14. Let f : R^n → R ∪ {+∞} be an M-convex function. For x ∈ dom f, we have f(x) ≤ f(y) (∀y ∈ R^n) if and only if f^′(x; j, i) ≥ 0 (∀i, j ∈ N).

Proof. We show the “if” part by contradiction. Assume, to the contrary, that f(x_0) < f(x) holds for some x_0 ∈ dom f. Put S = {y ∈ R^n | f(y) ≤ f(x_0)}, which is a closed set since f is closed convex. Let x_∗ ∈ S be a vector with ‖x_∗ − x‖_1 = inf{‖y − x‖_1 | y ∈ S}. By (M-EXC) applied to x and x_∗, there exist some i ∈ supp^+(x − x_∗), j ∈ supp^−(x − x_∗), and a sufficiently small α > 0 such that f(x_∗) − f(x_∗ + α(χ_i − χ_j )) ≥ f(x − α(χ_i − χ_j )) − f(x) ≥ f^′(x; j, i) ≥ 0.

Hence, we have f(x_∗ + α(χ_i − χ_j )) ≤ f(x_∗) ≤ f(x_0), which contradicts the choice of x_∗ since ‖(x_∗ + α(χ_i − χ_j )) − x‖_1 < ‖x_∗ − x‖_1.

Although an M-convex function is not assumed to be polyhedral convex, its directional derivative functions and subdifferentials have nice polyhedral structure such as M-/L-convexity. For p ∈ R^n, we define f[p] : R^n → R ∪ {+∞} by f[p](x) = f(x) + ⟨p, x⟩ (x ∈ R^n). For a function γ : N × N → R ∪ {+∞}, we define a set D(γ) ⊆ R^n by D(γ) = {p ∈ R^n | p(j) − p(i) ≤ γ(i, j) (i, j ∈ N)}. (3.16) Recall the definition of f_γ in (3.5).

Lemma 3.15. Let f : R^n → R∪{+∞} be an M-convex function, x_0, y_0 ∈ dom f, i ∈ supp^+(x_0 −y_0), and supp^−(x_0 − y_0) = {j_1, j_2, · · · , j_t}, where t = |supp^−(x_0 − y_0)|. Then, there exist y_h ∈ dom f and α_h ∈ R_+ (h = 1, 2, . . . , t) satisfying

�_t

h=1 α_h = x_0(i) − y_0(i) and y_h = y_{h−1} + α_h(χ_i − χ_{jh} ), f(y_h) − f(y_{h−1}) + α_hf^′(x; j_h, i) ≤ 0 (h = 1, 2, . . . , t).

Proof. Proof is quite similar to that for Theorem 3.12 and therefore omitted.

Theorem 3.16. Let f : R^n → R ∪ {+∞} be an M-convex function and x ∈ dom f. Define a function γ_x : N × N → R ∪ {±∞} by γ_x(i, j) = f^′(x; j, i) (i, j ∈ N).

(i) γ_x satisfies γ_x(i, i) = 0 (i ∈ N) and the triangle inequality γ_x(i, j) + γ_x(j, k) ≥ γ_x(i, k) (i, j, k ∈ N). (ii) The subdifferential ∂f(x) is represented as

∂f(x) = D(γ_x) = {p ∈ R^n | p(j) − p(i) ≤ f^′(x; j, i) (i, j ∈ N)}.

In particular, ∂f(x) is an L-convex set if γ_x > −∞.

(iii) We have f^′(x; ·) = f_{γx} . In particular, f^′(x; ·) is positively homogeneous M-convex if f^′(x; ·) > −∞.

Proof. (i): For i, j, k ∈ N, Lemma 3.10 implies

γ_x(i, j) + γ_x(j, k) = lim_{α↓0}(1/α){f(x + α(χ_j − χ_i)) + f(x + α(χ_k − χ_j )) − 2f(x)}

≥ lim_{α↓0}(1/α){f(x + α(χ_k − χ_i)) − f(x)} = γ_x(i, k).

(ii): Since p ∈ ∂g(x) is equivalent to x ∈ arg min f[−p], the equation ∂f(x) = D(γ_x) follows from Theorem 3.14. L-convexity of the set ∂f(x) follows from (i) (see [24, Th. 3.23]).

(iii): Due to the property (i), it suffices to prove f^′(x; d) = f_{γx} (d) for d ∈ R^n (see [24, Th. 4.19]). Since f^′(x; ·) is a positively homogeneous convex function, we have

f^′(x; d) = f^′(x; � i,j∈N

λ_{ij} (χ_j − χ_i)) ≤ � i,j∈N

λ_{ij} f^′(x; j, i)

for any {λ_{ij}}_{i,j∈N} (⊆ R_+) satisfying � i,j∈N λij (χj − χi) = d. Hence, we have f

′(x; d) ≤ f_{γx} (d).

On the other hand, repeated application of Lemma 3.15 implies that for any α > 0 there exists {λ_{ij} }_{i,j∈N} (⊆ R_+) satisfying � i,j∈N λij (χj − χi) = d and

f(x + αd) − f(x) ≥ α � i,j∈N

λ_{ij} f^′(x; j, i) ≥ αf_{γx} (d).

This implies f^′(x; d) ≥ f_{γx} (d). Hence, we have f^′(x; d) = f_{γx} (d).

The next theorem shows that each “face” of the epigraph of an M-convex function is a polyhedron given by an M-convex set. The proof is obvious and therefore omitted.

Theorem 3.17. Let f : R^n → R ∪ {+∞} be an M-convex function. For p ∈ R^n, arg min f[p] is M-convex if it is nonempty.

4 L-convex Functions over the Real Space

4.1 Definitions of L-convex and L^♮-convex Functions We call a function g : R^n → R ∪ {+∞} L-convex if g is a closed proper convex function satisfying (LF1) and (LF2):

(LF1) g(p) + g(q) ≥ g(p ∧ q) + g(p ∨ q) (∀p, q ∈ dom g), (LF2) ∃r ∈ R such that g(p + λ1) = g(p) + λr (∀p ∈ dom g, ∀λ ∈ R).

Due to the property (LF2), an L-convex function loses no information other than r when restricted to a hyperplane {p ∈ R^n | p(i) = 0} for any i ∈ N. We call a function g : R^n → R ∪ {+∞} L^♮-convex if the function ^g : R^{^N} → R ∪ {+∞} defined by ^g(p_0, p) = g(p − p_01) ((p_0, p) ∈ R^{^N} ) is L-convex, where ^N = {0} ∪ N. L^♮-convexity of g is characterized by the following property:

(L^♮F) g(p) + g(q) ≥ g(p ∨ (q − λ1)) + g((p + λ1) ∧ q) (∀p, q ∈ dom g, ∀λ ≥ 0). Theorem 4.1 ([24, Th. 4.39]). A closed proper convex function f : R^n → R ∪ {+∞} is L^♮-convex if and only if it satisfies (L^♮F).

We denote by L_n (resp. L^♮n) the class of L-convex (resp. L^♮-convex) functions in n variables, i.e., L_n = {g | g : R^n → R ∪ {+∞}, L-convex}, L^♮_n = {g | g : R^n → R ∪ {+∞}, L^♮-convex}.

As is obvious from the definitions, L^♮-convex function is essentially equivalent to L-convex function, whereas the class of L^♮-convex functions contains that of L-convex functions as a proper subclass. This relationship between L-convexity and L^♮-convexity can be summarized as L_n ⊂ L^♮_n ≃ L_{n+1}.

From the definition of L^♮-convex functions, every property of L-convex functions can be restated in terms of L^♮-convex functions, and vice versa. In this paper, we primarily work with L-convex functions, making explicit statements for L^♮-convex functions when appropriate.

We also define the set version of L-convexity and L^♮-convexity. We call a set D ⊆ R^n L-convex (resp. L^♮-convex) if its indicator function δ_D : R^n → {0, +∞} is an L-convex (resp. L^♮-convex) function. Equivalently, an L-convex set is defined as a nonempty closed set satisfying (LS1) and (LS2):

(LS1) p, q ∈ D =⇒ p ∧ q, p ∨ q ∈ D, (LS2) p ∈ D =⇒ p + λ1 ∈ D (∀λ ∈ R). In fact, L-convex and L^♮-convex sets are polyhedral as shown later in Section 4.2. Hence, these concepts coincide with those of L-convex and L^♮-convex polyhedra introduced in [24]. Proposition 4.2. For an L-convex function g : R^n → R ∪ {+∞}, dom f satisfies (LS1) and (LS2), and is an L-convex set if it is a closed set.

The properties (LS1) and (LS2), without closedness, imply convexity for sets.

Theorem 4.3. If D ⊆ R^n satisfies (LS1) and (LS2), then D is a convex set.

Proof. We show that (1 − α)p + αq ∈ D holds for any p, q ∈ D and α ∈ [0, 1]. By the property (LS2), we may assume p ≤ q. Then, we have q = p +

�_k h=1 λ_hχ_{Nh} for some λ_h > 0 and N_h ⊆ N (h = 1, 2, . . . , k) such that ∅ ≠ N_1 ⊂ N_2 ⊂ · · · ⊂ N_k. In the following, we prove by induction that p^′_j ≡ p + α

�_j h=1 λ_hχ_{Nh} ∈ D holds for j = 0, 1, . . . , k. We have p^′_0 = p ∈ D. Suppose that p^′_{j−1} ∈ D for j − 1 < k. Since p +

�_j h=1 λ_hχ_{Nh} = p ∨ (q −

�_k

h=j+1 λh1) ∈ D, we have

p^′_j = p^′_{j−1} + αλ_j χ_{Nj} = (p^′_{j−1} + αλ_j 1) ∧ (p + j� h=1 λ_hχ_{Nh} ) ∈ D.

Hence, p^′_k = (1 − α)p + αq ∈ D follows.

Remark 4.4. The properties (LF1) and (LF2) imply mid-point convexity (see Theorem 4.9 below); however, they are independent of convexity and continuity.

Consider the function ψ : R → R satisfying Jensen’s equation (2.3) such that ψ is neither continuous nor convex. Define a function g : R^2 → R ∪ {+∞} as in (2.5). Then, g satisfies the submodular inequality (LF1) with equality and (LF2) with r = 0, and is neither convex nor continuous.

Remark 4.5. There exists no function which is both M-convex and L-convex, i.e., M_n ∩ L_n = ∅ (Proof: Proposition 3.2 (ii) implies x(N) = y(N) for any f ∈ M_n and x, y ∈ dom f, whereas (LF2) implies that x + λ1 ∈ dom f for any λ ∈ R.) On the other hand, the classes of M^♮-convex and L^♮-convex functions have nonempty intersection, as shown in Example 2.4.

Remark 4.6. The effective domain of an L-convex function is not a closed set in general. For example, the function g : R^2 → R ∪ {+∞} defined by

g(p_1, p_2) = � 1/(p_1 − p_2) ((p_1, p_2) ∈ R^2, p_1 − p_2 > 0), +∞ (otherwise)

is L-convex, and dom g = {(p_1, p_2) | p_1 − p_2 > 0} is not a closed set.

4.2 L-convex Sets and Positively Homogeneous L-convex Functions L-convex sets and positively homogeneous L-convex functions constitute important subclasses of Lconvex functions, which appear as local structure of general L-convex functions such as minimizers and directional derivative functions (see Theorem 4.11). We show that L-convex sets and positively homogeneous L-convex functions are polyhedral sets and polyhedral convex functions, respectively.

Theorem 4.7.

(i) Any L-convex set is a polyhedron.

(ii) Any positively homogeneous L-convex function is a polyhedral convex function.

In the following, we prove Theorem 4.7. Recall the definition of a set D(γ) ⊆ R^n in (3.16).

Proof of Theorem 4.7 (i). Let D ⊆ R^n be a nonempty closed set with satisfying (LS1) and (LS2). We define a function γ_D : N × N → R ∪ {+∞} by γ_D(i, j) = sup_{p∈D}{p(j) − p(i)} (i, j ∈ N). To prove (i), it suffices to show D = D(γ_D) since D(γ_D) is a polyhedron. The inclusion D ⊆ D(γ_D) is easy to see; to show the reverse inclusion, we prove that q ∈ D holds for any q ∈ D(γ_D).

For any ε > 0 and any i, j ∈ N there exists p^ε_{ij} ∈ D with p^ε_{ij} (j) − p^ε_{ij}(i) + ε > γ_D(i, j) ≥ q(j) − q(i), where we may assume that p^ε_{ij} (i) = q(i) and p^ε_{ij} (j) + ε > q(j) by (LS2). For i ∈ N, we define p^ε_i = � i∈N p^ε_{ij} , which is contained in D by (LS1). The vector p^ε_i satisfies p^ε_i (i) = q(i) and p^ε_i (j)+ε > q(j) for j ∈ N. We then define p^ε ∈ D by p^ε = � i∈N p^ε_i , which satisfies q(i) − ε < p^ε(i) ≤ q(i) for i ∈ N, and hence lim_{ε→0} p^ε = q. Hence, the closedness of D implies q ∈ D.

We then prove Theorem 4.7 (ii).

Lemma 4.8 ([24, Lemma 4.28]). Let g : R^n → R ∪ {+∞}. Then, g satisfies (LF1) and (LF2) if and only it satisfies

g(p) + g(q) ≥ g(p ∨ (q − λ1)) + g((p + λ1) ∧ q) (∀p, q ∈ dom g, ∀λ ∈ R).

In particular, if g satisfies (LF1) and (LF2), then we have

g(p) + g(q) ≥ g(p + λχ_X ) + g(q − λχ_X ) (∀p, q ∈ dom g, ∀λ ∈ [0, λ_1 − λ_2]), (4.1)

where λ_1 = max{q(i) − p(i) | i ∈ N}, X = {i ∈ N | q(i) − p(i) = λ_1}, and λ_2 = max{q(i) − p(i) | i ∈ N \ X}.

For a set function ρ : 2^N → R ∪ {±∞}, we define g_ρ : R^n → R ∪ {±∞} by

g_ρ(p) = k� j=1 (λ_j − λ_{j+1})ρ(N_j), (4.2)

where λ_1 > λ_2 > · · · > λ_k are distinct values in {p(i)}_{i∈N} , λ_{k+1} = 0, and N_j = {i ∈ N | p(i) ≥ λ_j} (j = 1, 2, . . . , k). The function g_ρ is called the Lovász extension of ρ [9, 16].

Proof of Theorem 4.7 (ii). Let g : R^n → R ∪ {+∞} be a positively homogeneous L-convex function, and define ρ : 2^N → R ∪ {+∞} by ρ_g(X) = g(χ_X ) (X ⊆ N). We prove that g(p) = g_ρ(p) holds for p ∈ R^n, which shows that g is a polyhedral convex function.

We may assume that p ≥ 0 since (LF2) for g implies g(p) − g_ρ(p) = g(p + λ1) − g_ρ(p + λ1) (λ ∈ R). Define λ_j and N_j (j = 1, 2, . . . , k) as in the Lovász extension (4.2), and put λ_{k+1} = 0. Since g is positively homogeneous convex, we have g(p) ≤

�_k

j=1(λ_j − λ_{j+1})g(χ_{Nj} ) = g_ρ(p). On the other hand, it follows from Lemma 4.8 that g( k� j=h (λ_j − λ_{j+1})χ_{Nj} ) − g( k� j=h+1

(λ_j − λ_{j+1})χ_{Nj} ) ≥ g((λ_h − λ_{h+1})χ_{Nh} ) − g(0)

= (λ_h − λ_{h+1})ρ(N_h) (h = 1, 2, . . . , k).

This implies g(p) ≥

�_k j=1(λ_h − λ_{h+1})ρ(N_h) = g_ρ(p). Hence, we have g(p) = g_ρ(p).

4.3 Fundamental Properties of L-convex Functions We show various properties of L-convex functions. Note that some of the properties below are implied by (LF1) and (LF2) only, and independent of closed convexity of functions.

Theorem 4.9. If g : R^n → R ∪ {+∞} satisfies (LF1) and (LF2), then g is mid-point convex.

Proof. We show the inequality (2.2) by induction on the cardinality of supp(p − q) ≡ supp^+(p − q) ∪ supp^−(p − q). We may assume p(i) < q(i) for some i ∈ N. Putting λ = {q(i) − p(i)}/2, p^′ = p ∨ (q − λ1) and q^′ = (p + λ1) ∧ q, we have g(p) + g(q) ≥ g(p^′) + g(q^′) by Lemma 4.8. Since supp(p^′ − q^′) ⊆ supp(p − q) \ {i}, the induction hypothesis yields g(p^′) + g(q^′) ≥ 2g({p^′ + q^′}/2) = 2g({p + q}/2).

Global optimality of an L-convex function is characterized by local optimality in terms of finite number of directional derivatives.

Theorem 4.10 ([24, Th. 4.29]). Let g : R^n → R ∪ {+∞} be a convex function with (LF1) and (LF2). For p ∈ dom g, we have g(p) ≤ g(q) (∀q ∈ R^n) if and only if g^′(p; χ_X ) ≥ 0 (∀X ⊂ N) and g^′(p; 1) = 0.

Proof. We show the sufficiency by contradiction. Suppose that there exists some q ∈ R^n with g(q) < g(p), and assume that q minimizes the number of distinct values in {q(i) − p(i)}^n_{i=1} of all such vectors. Let λ_1 > λ_2 > · · · > λ_k be the distinct values in {q(i) − p(i)}^n_{i=1}. From (LF2) and g^′(p; 1) = 0, we have k ≥ 2. By the inequality (4.1) with λ = λ_1 − λ_2 and g^′(p; χ_X ) ≥ 0, we have g(q^′) ≤ g(q) < g(p) with q^′ = q − (λ_1 − λ_2)χ_X . This inequality, however, is a contradiction since the number of distinct values in {q^′(i) − p(i)}^n_{i=1} is k − 1.

Although an L-convex function is not assumed to be polyhedral convex, its directional derivative functions and subdifferentials have nice polyhedral structure such as L-/M-convexity. For x ∈ R^n, we define g[x] : R^n → R ∪ {+∞} by g[x](p) = g(p) + ⟨p, x⟩ (p ∈ R^n). Recall the definitions of B(ρ) and g_ρ in (3.4) and in (4.2), respectively.

Theorem 4.11. Let g : R^n → R ∪ {+∞} be an L-convex function and q ∈ dom g. Define a function ρ_q : 2^N → R ∪ {±∞} by ρ_q(X) = g^′(q; χ_X ) (X ⊆ N).

(i) ρ_q satisfies ρ_q(∅) = 0, −∞ < ρ_q(N) < +∞, and the submodular inequality (3.3). (ii) The subdifferential ∂g(q) is represented as

∂g(q) = B(ρ_q) = {x ∈ R^n | x(X) ≤ g^′(q; χ_X ) (∀X ⊂ N), x(N) = g^′(q; 1)}.

In particular, ∂g(q) is an M-convex set if ρ_q > −∞.

(iii) The function g^′(q; ·) satisfies (LF1), (LF2), and g^′(q; ·) = g_{ρq} . In particular, g^′(q; ·) is a positively homogeneous L-convex function if g^′(q; ·) > −∞.

Proof. We first prove (iii) and then (ii); (i) is immediate from (iii).

(iii): For any p ∈ R^n and ε > 0, there exists some μ > 0 such that g^′(q; p) > (1/μ){g(q + μp) − g(q)} − ε. Hence, (LF1) and (LF2) for g^′(q; ·) follow from (LF1) and (LF2) for g.

We then prove g^′(q; p) = g_{ρq} (p) (p ∈ R^n). Since g^′(q; ·) is a positively homogeneous convex function, we have

g_{ρq} (p) = k� j=1 (λ_j − λ_{j+1})g^′(q; χ_{Nj} ) ≥ g^′(q; k� j=1 (λ_j − λ_{j+1})χ_{Nj} ) = g^′(q; p),

where λ_j and N_j (j = 1, 2, . . . , k) are defined as in the Lovász extension (4.2) and λ_{k+1} = 0. Put q_0 = q + p, q_j = q_{j−1} − (λ_j − λ_{j+1})χ_{Nj} (j = 1, 2, · · · , k), where q_k = q. By Lemma 4.8, we obtain

g(q_{j−1}) − g(q_j) ≥ g(q + (λ_j − λ_{j+1})χ_{Nj} ) − g(q) ≥ (λ_j − λ_{j+1})g^′(q; χ_{Nj} ) (j = 1, 2, . . . , k), from which follows g(q + p) − g(q) ≥ k� k=1 (λ_j − λ_{j+1})g^′(q; χ_{Nj} ) = g_{ρq} (p).

Since the inequality above holds for any p ∈ R^n, we have g(q + μp) − g(q) ≥ g_{ρq} (μp) = μg_{ρq} (p), implying g^′(q; p) ≥ g_{ρq} (p). Thus, g^′(q; p) = g_{ρq} (p) follows.

(ii) Since x ∈ ∂g(q) is equivalent to q ∈ arg min g[−x], we have ∂g(q) = B(ρ_q) by Theorem 4.10. Since ρ_q is a submodular function, ∂g(q) is an M-convex set (see [24, Th. 3.3]).

The next theorem shows that each “face” of the epigraph of an L-convex function is a polyhedron given by an L-convex set. The proof is obvious and therefore omitted.

Theorem 4.12. Let g : R^n → R ∪ {+∞} be an L-convex function. For x ∈ R^n, arg min g[x] is L-convex if it is nonempty.

5 Conjugacy

For a function f : R^n → R ∪ {+∞} with dom f ≠ ∅, its (convex) conjugate f^• : R^n → R ∪ {+∞} is defined by f^•(p) = sup{⟨p, x⟩ − f(x) | x ∈ R^n} (p ∈ R^n).

Theorem 5.1 ([28, Theorem 12.2]). For a closed proper convex function f : R^n → R ∪ {+∞}, the conjugate function f^• : R^n → R ∪ {+∞} is also closed proper convex, and f^{••} = f.

Hence, the conjugacy operation f → f^• induces a symmetric one-to-one correspondence in the class of all closed proper convex functions on R^n. In this section, we show that M-convex and L-convex functions are conjugate to each other. Theorem 5.2.

(i) For f ∈ M_n, we have f^• ∈ L_n and f^{••} = f. (ii) For g ∈ L_n, we have g^• ∈ M_n and g^{••} = g. (iii) The mappings f → f^• (f ∈ M_n) and g → g^• (g ∈ L_n) provide a one-to-one correspondence between M_n and L_n, and are the inverse of each other.

In the following, we first prove “f ∈ M_n =⇒ f^• ∈ L_n” and then “g ∈ L_n =⇒ g^• ∈ M_n.” The other claims are immediate from these and Theorem 5.1.

Lemma 5.3. If a function f : R^2 → R ∪ {+∞} in two variables is supermodular, then its conjugate f^• : R^2 → R ∪ {+∞} is submodular. Proof. It suffices to show f^•(λ, μ) + f^•(λ^′, μ^′) ≤ f^•(λ, μ^′) + f^•(λ^′, μ) (5.1) for (λ, μ), (λ^′, μ^′) ∈ R^2 with λ ≥ λ^′ and μ ≥ μ^′. We claim that [λα + μβ − f(α, β)] + [λ^′α^′ + μ^′β^′ − f(α^′, β^′)] ≤ f^•(λ, μ^′) + f^•(λ^′, μ) (5.2) holds for any (α, β), (α^′, β^′) ∈ R^2. The inequality (5.1) is immediate from (5.2), since the supremum of the left-hand side of (5.2) over (α, β) and (α^′, β^′) coincides with the left-hand side of (5.1).

We now prove (5.2). If α ≥ α^′ and β ≥ β^′, we have f(α, β) + f(α^′, β^′) ≥ f(α, β^′) + f(α^′, β) by the supermodularity of f, and therefore LHS of (5.2) ≤ [λα + μ^′β^′ − f(α, β^′)] + [λ^′α^′ + μβ − f(α^′, β)] ≤ RHS of (5.2).

If α ≤ α^′, we have λα + λ^′α^′ ≤ λα^′ + λ^′α and therefore LHS of (5.2) ≤ [λα^′ + μ^′β^′ − f(α^′, β^′)] + [λ^′α + μβ − f(α, β)] ≤ RHS of (5.2).

We can prove (5.2) similarly for the case β ≤ β^′. Lemma 5.4. For f ∈ M_n, we have f^• ∈ L_n.

Proof. Let f ∈ M_n. By Theorem 5.1, the conjugate f^• is a proper closed convex function with f^• > −∞. Hence, we have only to show (LF1) and (LF2) for f^•.

We firstly show (LF2) for f^•. Put r = x(N) by some x ∈ dom f, which is independent of the choice of x by Proposition 3.2. For p ∈ dom f^• and λ ∈ R, we have

f^•(p + λ1) = sup{⟨p + λ1, x⟩ − f(x) | x ∈ dom f} = sup{⟨p, x⟩ − f(x) | x ∈ dom f} + λx(N) = f^•(p) + λr.

To prove the submodularity (LF1) for f^•, we first assume that dom f is bounded. Since dom f^• = R^n, the submodularity of f^• is equivalent to the local submodularity (see, e.g., [24, Theorem 4.27]):

f^•(p + λχ_i) + f^•(p + μχ_j ) ≥ f^•(p) + f^•(p + λχ_i + μχ_j ), (5.3)

where p ∈ R^n, i, j ∈ N are distinct indices, and λ, μ ∈ R_+. We fix p ∈ R^n, and define functions ~g : R^2 → R ∪ {+∞} and ~f : R^2 → R ∪ {+∞} by

~g(λ, μ) = f^•(p + λχ_i + μχ_j ) (λ, μ ∈ R), ~f(α, β) = inf{f(x) − ⟨p, x⟩ | x ∈ dom f, x(i) = α, x(j) = β} (α, β ∈ R).

Then, ~f is a supermodular function, as shown below, and ~g = ( ~f)^• holds. Hence, the function ~g is a submodular function by Lemma 5.3, implying the inequality (5.3).

We now prove that ~f is a supermodular function.

Claim. For any (α, β), (α^′, β^′) ∈ dom ~f with α > α^′ and β ≥ β^′, there exists δ_0 > 0 satisfying

~f(α, β) + ~f(α^′, β^′) ≥ ~f(α − δ, β) + ~f(α^′ + δ, β^′) (∀δ ∈ [0, δ_0]).

[Proof of Claim] We may assume p = 0 since f(x) − ⟨p, x⟩ is also M-convex as a function in x. Since f is a closed proper convex function with bounded effective domain, there exist x, x^′ ∈ dom f satisfying x(i) = α, x(j) = β, ~f(α, β) = f(x), and x^′(i) = α^′, x^′(j) = β^′, ~f (α^′, β^′) = f(x^′), respectively. We have i ∈ supp^+(x − x^′), and therefore (M-EXC) for f implies that there exist k ∈ supp^−(x − x^′) and δ_0 > 0 satisfying

~f(α, β) + ~f (α^′, β^′) = f(x) + f(x^′) ≥ f(x − δ(χ_i − χ_k )) + f(x^′ + δ(χ_i − χ_k))

≥ ~f(α − δ, β) + ~f(α^′ + δ, β^′) (∀δ ∈ [0, δ_0]),

where it is noted that k ≠ j since j ∉ supp^−(x − x^′). [End of Claim] Using Claim above as well as the fact that ~f is closed proper convex, we can show the supermodularity of ~f in the same way as in Lemma 3.10. This concludes the proof of (LF1) for f^• when dom f is bounded.

Finally, we consider the case when dom f is unbounded. For a fixed vector x_0 ∈ dom f, we define f_k : R^n → R ∪ {+∞} (k = 1, 2, . . .) by

f_k(x) = � f(x) (x ∈ R^n, |x(i) − x_0(i)| ≤ k for all i ∈ N), +∞ (otherwise).

Since f_k ∈ M_n and dom f_k is bounded, f^•_k fulfills (LF1). Hence, for any p, q ∈ dom f^• we have f^•(p) + f^•(q) = lim_{k→∞}{f^•_k (p) + f^•_k (q)} ≥ lim_{k→∞}{f^•_k (p ∧ q) + f^•_k (p ∨ q)} = f^•(p ∧ q) + f^•(p ∨ q).

We then prove the claim “g ∈ L_n =⇒ g^• ∈ M_n.” Recall that for x ∈ R^n the function g[−x] : R^n → R ∪ {+∞} is defined by g[−x](p) = g(p) − ⟨p, x⟩ (p ∈ R^n).

Lemma 5.5. Let g ∈ L_n, and x, y ∈ R^n be vectors with arg min g[−x] ≠ ∅ and arg min g[−y] ≠ ∅. Then, for any i ∈ supp^+(x − y), there exists j ∈ supp^−(x − y) such that p(j) − p(i) ≤ q(j) − q(i) (∀p ∈ arg min g[−x], ∀q ∈ arg min g[−y]). (5.4) Proof. First we note that x(N) = y(N) = r, where r ∈ R is the value in (LF2) for g. Since arg min g[−x] and arg min g[−y] are L-convex sets by Theorem 4.12, the inequality (5.4) can be rewritten as p(j) ≤ q(j) (∀p ∈ D_x, ∀q ∈ D_y ), where

D_x = {p ∈ R^n | p ∈ arg min g[−x], p(i) = 0}, D_y = {p ∈ R^n | p ∈ arg min g[−y], p(i) = 0}. Assume, to the contrary, that for any j ∈ supp^−(x − y), there exists a pair of vectors p_j ∈ D_x, q_j ∈ D_y such that p_j (j) > q_j (j). Putting p_x = � {p_j | j ∈ supp^−(x − y)}, q_y = � {q_j | j ∈ supp^−(x − y)}, we have p_x ∈ D_x, q_y ∈ D_y, and supp^−(x − y) ⊆ supp^+(p_x − q_y ). We also put S^+ = supp^+(p_x − q_y ), λ = min{p_x(j) − q_y (j) | j ∈ S^+} (> 0). Then, Lemma 4.8 implies g(p_x) + g(q_y) ≥ g((p_x − λ1) ∨ q_y ) + g(p_x ∧ (q_y + λ1)). (5.5) Since ((p_x − λ1) ∨ q_y )(j) = � p_x(j) − λ (j ∈ S^+), q_y (j) (j ∈ N \ S^+),

(p_x ∧ (q_y + λ1))(j) = � q_y (j) + λ (j ∈ S^+), p_x(j) (j ∈ N \ S^+), we have ⟨(p_x − λ1) ∨ q_y , x⟩ + ⟨p_x ∧ (q_y + λ1), y⟩ − ⟨p_x, x⟩ − ⟨q_y , y⟩ = λ � j∈S^+

{y(j) − x(j)} + � j∈N \S^+

{q_y (j) − p_x(j)}{x(j) − y(j)} ≥ λ � j∈S^+

{y(j) − x(j)} ≥ λ � v∈N \{i}

{y(j) − x(j)} = λ{x(i) − y(i)} > 0, (5.6)

where the inequalities follow from supp^−(x − y) ⊆ S^+. From (5.5) and (5.6) follows g[−x]((p_x − λ1) ∨ q_y ) + g[−y](p_x ∧ (q_y + λ1)) < g[−x](p_x) + g[−y](q_y), which is a contradiction to the fact that p_x ∈ arg min g[−x], q_y ∈ arg min g[−y].

Proposition 5.6 (cf. [28, Th. 23.4]). Let f : R^n → R ∪ {+∞} be a convex function with dom f = {x ∈ R^n | x(N) = r} for some r ∈ R. Then, for any x ∈ dom f we have ∂f(x) ≠ ∅ and f^′(x; y) = sup{⟨p, y⟩ | p ∈ ∂f(x)} (y ∈ R^n).

Lemma 5.7. For g ∈ L_n, we have g^• ∈ M_n.

Proof. It is easy to see that the conjugate function g^• satisfies dom g^• ⊆ {x ∈ R^n | x(N) = r}, where r ∈ R is the value in (LF2) for g. We firstly consider the case when dom g^• = {x ∈ R^n | x(N) = r}. Let x, y ∈ dom g^• and i ∈ supp^+(x − y). From Proposition 5.6 follows arg min g[−x] = ∂g^•(x) ≠ ∅ and arg min g[−y] = ∂g^•(y) ≠ ∅. By Lemma 5.5, there exists j ∈ supp^−(x − y) satisfying (5.4), implying

(g^•)^′(x; j, i) + (g^•)^′(y; i, j) = sup{p(j) − p(i) | p ∈ arg min g[−x]} + sup{q(i) − q(j) | q ∈ arg min g[−y]} ≤ 0,

where the equality is by Proposition 5.6. This shows (M-EXC^′) for g^•, which, together with Theorem 3.13, yields M-convexity of g^•.

We then consider the general case. For fixed j_0 ∈ N and q ∈ dom g with q(j_0) = 0, we define g_k : R^n → R ∪ {+∞} (k = 1, 2, · · ·) by

g_k(p) = � g(p) (p ∈ R^n, |p(i) − p(j_0) − q(i)| ≤ k for all i ∈ N), +∞ (otherwise).

It can be easily shown that each g_k is an L-convex function with dom g^•_k = {x ∈ R^n | x(N) = r}. Therefore, the discussion above shows that each g^•_k is M-convex, and therefore satisfies (M-EXC_s) by Theorem 3.12. For x, y ∈ dom g^• (⊆ dom g^•_k) and i ∈ supp^+(x−y), there exists some j_k ∈ supp^−(x−y) such that

g^•_k(x) + g^•_k(y) ≥ g^•_k(x − α(χ_i − χ_{jk} )) + g^•_k(y + α(χ_i − χ_{jk} )) (∀α ∈ [0, {x(i) − y(i)}/2t])

with t = |supp^−(x − y)|. Since supp^−(x − y) is a finite set, we may assume that j_k = j_∗ (k = 1, 2, . . .) for some j_∗ ∈ supp^−(x − y). Then, for any α ∈ [0, {x(i) − y(i)}/2t] we have

g^•(x) + g^•(y) = lim_{k→∞}{g^•_k(x) + g^•_k(y)} ≥ lim_{k→∞}{g^•_k(x − α(χ_i − χ_{j∗} )) + g^•_k(y + α(χ_i − χ_{j∗} ))} = g^•(x − α(χ_i − χ_{j∗} )) + g^•(y + α(χ_i − χ_{j∗} )).

Thus, (M-EXC_s) holds for g^•, which shows M-convexity of g^• by Theorem 3.12.

This concludes the proof of Theorem 5.2.

As an application of Theorem 5.2, we give the proof for the characterization of M^♮-convex functions by the property (M^♮-EXC).

Proof of Theorem 3.1. Let f : R^n → R ∪ {+∞} be a closed proper convex function satisfying (M^♮- EXC). We shall show the M-convexity of the function ^f : R^{^N} → R∪{+∞} in (3.2), which is equivalent to the L-convexity of ^f^• = ( ^f)^• by Theorem 5.2. We prove the L-convexity of ^f^• in a similar way as in

Lemma 5.4. In particular, the proof of Lemma 5.4 shows that it suffices to prove the following claim. For i ∈ N and j ∈ ^N with i ≠ j, define a function ^f_{ij} : R^2 → R ∪ {±∞} by

^f_{ij} (α, β) = inf{ ^f(^x) − ⟨^p, ^x⟩ | ^x ∈ dom ^f, ^x(i) = α, ^x(j) = β} = � inf{f(x) − ⟨p, x⟩ + p_0x(N) | x ∈ dom f, x(i) = α, x(j) = β} (j ∈ N), inf{f(x) − ⟨p, x⟩ + p_0x(N) | x ∈ dom f, x(i) = α, x(N) = −β} (j = 0),

where ^p = (p_0, p) ∈ R^{^N} .

Claim. Suppose that dom f is bounded. Then, each ^f_{ij} satisfies the following property:

∀(α, β), (α^′, β^′) ∈ dom ^f_{ij} with α > α^′ and β ≥ β^′, ∃δ_0 > 0:

^f_{ij} (α, β) + ^f_{ij} (α^′, β^′) ≥ ^f_{ij} (α − δ, β) + ^f_{ij} (α^′ + δ, β^′) (∀δ ∈ [0, δ_0]). (5.7)

We now prove the claim above. We may assume that p = 0 and p_0 = 0 since f_{(p0,p)}(z) = f(z) − ⟨p, z⟩ + p_0z(N) (z ∈ R^n) also satisfies (M^♮-EXC). We consider the case j = 0 only, since the case of j ∈ N can be dealt with similarly and more easily.

Since f is a closed proper convex function with bounded effective domain, there exist x, x^′ ∈ dom f satisfying

x(i) = α, x(N) = −β, ^f_{ij} (α, β) = f(x), x^′(i) = α^′, x^′(N) = −β^′, ^f_{ij} (α^′, β^′) = f(x^′).

We assume that x minimizes the value ||x − x^′||_1 among all such vectors. It suffices to show that

f(x) + f(x^′) ≥ f(x − δ(χ_i − χ_k )) + f(x^′ + δ(χ_i − χ_k )) (∀δ ∈ [0, δ_0]) (5.8)

for some k ∈ supp^−(x − x^′) and δ_0 > 0 since the RHS of (5.8) is larger than or equal to ^f_{ij} (α − δ, β) + ^f_{ij} (α^′ + δ, β^′). By the property (M^♮-EXC) for x, x^′, and i ∈ supp^+(x − x^′), there exist s ∈ supp^−(x − x^′) ∪ {0} and δ_1 > 0 such that

f(x) + f(x^′) ≥ f(x − δ(χ_i − χ_s)) + f(x^′ + δ(χ_i − χ_s)) (∀δ ∈ [0, δ_1]). (5.9)

Since x(i) > x^′(i) and x(N) ≤ x^′(N), there exists some r ∈ supp^+(x^′ − x). By (M^♮-EXC), there exist t ∈ supp^−(x^′ − x) ∪ {0} and δ_2 > 0 such that

f(x^′) + f(x) ≥ f(x^′ − δ(χ_r − χ_t)) + f(x + δ(χ_r − χ_t)) (∀δ ∈ [0, δ_2]). (5.10)

We consider the following four cases.

[Case 1: s ∈ supp^−(x − x^′)] (5.9) gives the desired inequality (5.8) with k = s and δ_0 = δ_1. [Case 2: t = i ∈ supp^−(x^′ − x)] (5.10) gives the desired inequality (5.8) with k = r and δ_0 = δ_2. [Case 3: t ∈ supp^−(x^′ − x) \ {i}] Putting x^δ = x + δ(χ_r − χ_t) with a sufficiently small δ > 0, we have x^δ(i) = α, x^δ(N) = −β, and ||x^δ − x^′||_1 < ||x − x^′||_1. By (5.10), the vector x^δ satisfies ^f_{ij} (α, β) = f(xδ), a contradiction to the choice of x.

[Case 4: s = t = 0] Convexity of f as well as the inequalities (5.9) and (5.10) imply f(x) + f(x^′) ≥ (1/2){f(x − δχ_i) + f(x + δχ_r)} + (1/2){f(x^′ + δχ_i) + f(x^′ − δχ_r)} ≥ f(x − (1/2)δ(χ_i − χ_r)) + f(x^′ + (1/2)δ(χ_i − χ_r)) (0 ≤ ∀δ ≤ min{δ_1, δ_2}).

Hence, we have the desired inequality (5.8) with k = r and δ_0 = (1/2) min{δ_1, δ_2}.

References

[1] Aczel, J.(1966): Lectures on Functional Equations and Their Applications. Academic Press, New York [2] Bazaraa, M.S., Sherali, H.D., Shetty, C.M.(1993): Nonlinear Programming: Theory and Algorithms. Wiley, New York [3] Camerini, P. M., Conforti, M., Naddef, D.(1989): Some easily solvable nonlinear integer programs.

Ricerca Operativa 50, 11-25 [4] Danilov, V., Koshevoy, G., Murota, K.(2001): Discrete convexity and equilibria in economies with indivisible goods and money. Math. Social Sci. 41, 251–273 [5] Favati, P., Tardella, F.(1990): Convexity in nonlinear integer programming. Ricerca Operativa 53, 3–44 [6] Frank, A.(1982): An algorithm for submodular functions on graphs. Ann. Discrete Math. 16, 97–120 [7] Frank, A.(1984): Generalized polymatroids. In: Hajnal, A., Lovász, L., Sós, V.T., eds., Finite and Infinite Sets. North-Holland, Amsterdam, pp. 285–294 [8] Frank, A., Tardos, É.(1988): Generalized polymatroids and submodular flows. Math. Programming 42, 489–563 [9] Fujishige, S.(1991): Submodular Functions and Optimization. Ann. Discrete Math. 47, North- Holland, Amsterdam [10] Fujishige, S., Murota, K.(2000): Notes on L-/M-convex functions and the separation theorems.

Math. Programming 88 129–146 [11] Hiriart-Urruty, J.-B., Lemaréchal, C.(2000): Fundamentals of Convex Analysis. Springer, Berlin [12] Ibaraki, T., Katoh, N.(1988): Resource Allocation Problems: Algorithmic Approaches. MIT Press, Cambridge, MA [13] Iri, M.(1969): Network Flow, Transportation and Scheduling — Theory and Algorithms. Academic Press, New York [14] Iwata, S.(1997): A capacity scaling algorithm for convex cost submodular flows. Math. Programming 76, 299–308 [15] Katoh, N., Ibaraki, T.(1998): Resource allocation problems. In: Du, D.-Z., Pardalos, P.M., eds., Handbook of Combinatorial Optimization II. Kluwer Academic, Boston, MA, pp. 159–260 [16] Lovász, L.(1983): Submodular functions and convexity. In: Bachem, A., Grötschel, M., Korte, B., eds., Mathematical Programming — the State of the Art. Springer, Berlin, pp. 235–257

[17] Miller, B.L.(1971): On minimizing nonseparable functions defined on the integers with an inventory application. SIAM J. Appl. Math. 21, 166–185 [18] Murota, K.(1996): Convexity and Steinitz’s exchange property. Adv. Math. 124, 272–311 [19] Murota, K.(1998): Discrete convex analysis. Math. Programming 83, 313–371 [20] Murota, K.(2000): Matrices and Matroids for Systems Analysis. Springer, Berlin [21] Murota, K.(2001): Discrete Convex Analysis — An Introduction. Kyoritsu Publishing Co., Tokyo [In Japanese] [22] Murota, K.: Discrete Convex Analysis. To be published [23] Murota, K., Shioura, A.(1999): M-convex function on generalized polymatroid. Math. Oper. Res.

24, 95–105 [24] Murota, K., Shioura, A.(2000): Extension of M-convexity and L-convexity to polyhedral convex functions. Adv. Appl. Math. 25, 352–427 [25] Murota, K., Shioura, A.(2001): Quadratic M-convex and L-convex functions. RIMS preprint, No. 1326, Kyoto University [26] Murota, K., Tamura, A.: New characterizations of M-convex functions and their applications to economic equilibrium models with indivisibilities. Discrete Appl. Math., to appear [27] Murota, K., Tamura, A.(2001): Application of M-convex submodular flow problem to mathematical economics. In: Eades, P., Takaoka, T., eds., Algorithms and Computation. Lecture Notes in Computer Science 2223, Springer, Berlin, pp. 14–25 [28] Rockafellar, R.T.(1970): Convex Analysis. Princeton Univ. Press, Princeton [29] Rockafellar, R.T.(1984): Network Flows and Monotropic Optimization. Wiley, New York [30] Roberts, A.W., Varberg, D.E.(1973): Convex Functions. Academic Press, New York [31] Stoer, J., Witzgall, C.(1970): Convexity and Optimization in Finite Dimension I. Springer, Berlin