Day 3

» Counting and its use (BlA B EZDF|F
— Double counting
“EHALITE
Conceptually, a nother view of pigeonhole

principle, where we count pigeons in two
ways.
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* Problem 1: Is there a graph with 5 vertices
such that each vertex degree is 3?7 If yes,
construct it.
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Solution by double counting

* Prove by counting same set in two ways
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* Count the pair (v,e) of vertex and edge in two
ways.
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Sum of numbers of divisors

Problem 2: Let f(m) be the number of
divisors of a natural number m.

Let G(n)=(1/n)Y ;<< f(mM) .

Compute G(1024) (within error 2)
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Sum of numbers of divisors

n G(n):Z‘I éménf(m) :

This is the number of pairs (m, a) such that a
divides m.

Count the same number from a, then this is the
pair (ab, a) such that ab = n

There are [n/a] such pairs.
Thus, nG(n) = ) ;<,<, [N/a] . Thus, we have
(212a=<n /@) -1 <G(N) < Xi<a<, Va~logn




Extreamal graph theory

Consider a bipartite graph G = (V, W, E) such
that |V| =k and |W|= n.
If the graph does not contain K, as a

subgraph, for constants s and t, the number
of edges is O(k!1s n)
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What to count (if t=2) P

Count triples in G ‘<‘

If the blue node v has degree deg(v),
It creates deg(v)(deg(v)-1) such triples

Each red pair contributes to at most s-1
triples

Thus 2 ,.,, deg(v)(deg(v)-1) < (s-1) n(n-1)
Thus, k (m/k)> -m < (s-1) n(n-1)
Thus, m < k+ k 2 (s-1)12 n




Application to geometry

Given n points and m lines in the plane. Show
that the point-line incidence is O(n m¥2 + m).
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Sperner system

* Given a set S of size n, consider a set F of
subsets S. F Is called a Sperner system If
no pair in F is In the inclusion relation,
that Is, there are no pair A, B In F such
that A CB

 Example, the set of all subsets of
cardinality k is a Sperner system.

* Problem: Show that the largest Sperner
system has cardinality , C



Proof by counting

* Chain of sets: sequence of sets with
Inclusion relation

* Glven a Sperner system F, count the
number of pairs (A, C) suchthat Aisin F
and C Is a chain containing A.

» User double-counting.



Chain and antichain

Given a partially ordered set A, a chain of A
IS a seqguence of elements

a(1) <a(2) <....<a(k)

An antichain is a set of uncomparable
elements of A.

u(A): size of maximum antichain

T(A): size of minimum cover of A by chains
Dilworth’s theorem: p (A)=T(A)

—Easy :p(A)=T1(A)

— The other direction Is difficult



Another proof of Sperner’s
theorem

* If Alis the set P(S) of all subsets of S, a
Sperner system Is an antichain

* We can prove Sperner’s theorem from

u(A)ST(A)
— It suffices to make a chain cover

of size , C |y



